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Abstract

Pairs of circular cylinders immersed in a steady cross-flow are encountered in many engineering applications. The

cylinders may be arranged in tandem, side-by-side, or staggered configurations. Wake and proximity interference

effects, which are determined primarily by the longitudinal and transverse spacing between the cylinders, and also by

the Reynolds number, have a strong influence on the flow patterns, aerodynamic forces, vortex shedding, and other

parameters. This paper reviews the current understanding of the flow around two ‘‘infinite’’ circular cylinders of equal

diameter immersed in a steady cross-flow, with a focus on the near-wake flow patterns, Reynolds number effects,

intermediate wake structure and behaviour, and the general trends in the measurements of the aerodynamic force

coefficients and Strouhal numbers. A primary focus is on the key experimental and numerical studies that have

appeared since the last major review of this subject more than 20 years ago.

& 2010 Elsevier Ltd. All rights reserved.
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1. Introduction

Because of its common occurrence in many forms and in different applications, fluid flow around a circular cylinder

has been well studied and is one of the classical problems of fluid mechanics. There are several comprehensive reviews of

the flow around a single, isolated circular cylinder in the literature, including articles by Morkovin (1964), Gerrard

(1978), Coutanceau and Defaye (1991) and Williamson (1996), and monographs by Sumer and Fredsøe (1997) and

Zdravkovich (1997, 2003). Cylinder-like structures can be found both alone and in groups in the designs for heat

exchangers, cooling systems for nuclear power plants, offshore structures, buildings, chimneys, power lines, struts,

grids, screens, and cables, in both air- and water-flow. In many of these engineering applications, K�arm�an vortex

shedding is responsible for problems with flow-induced vibration and noise. A complete understanding of the fluid

dynamics for the flow around a circular cylinder includes such fundamental subjects as the boundary layer, separation,

the free shear layer, the wake, and the dynamics of vortices.

Less well studied and understood are the changes to the flow around a single circular cylinder which may occur when

two or more circular cylinders are placed in close proximity to one another. The flow fields of multiple-cylinder

configurations involve complex interactions between the shear layers, vortices, wakes, and K�arm�an vortex streets. The

most basic multiple-cylinder configurations in cross-flow are shown in Fig. 1, where the two circular cylinders have the
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Nomenclature

AR aspect (slenderness) ratio

CD mean drag force coefficient

CD
0 fluctuating drag force coefficient

CL mean lift force coefficient

CL
0 fluctuating lift force coefficient

CP mean pressure coefficient

CP
0 fluctuating pressure coefficient

CPB mean base pressure coefficient

D cylinder diameter (m)

f vortex shedding frequency (Hz)

G Griffin number

G gap width (m)

H cylinder height, span, or length (m)

L centre-to-centre longitudinal spacing (pitch)

(m)

L/D longitudinal pitch ratio

(L/D)c critical longitudinal pitch ratio

lf vortex formation length

Nu Nusselt number

P centre-to-centre spacing (pitch) (m)

P/D pitch ratio

Re Reynolds number

Sh Sherwood number

St Strouhal number

T centre-to-centre transverse spacing (pitch)

(m)

T/D transverse pitch ratio

U freestream velocity (m/s)

x streamwise coordinate (m)

y cross-stream coordinate (m)

z vertical coordinate (m)

a incidence angle (deg.)

m dynamic viscosity (Pa s)

r density (kg/m3)

j phase
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same diameter, D. For the case of ‘‘infinite’’ cylinders, i.e., each cylinder’s aspect ratio (or slenderness ratio), AR=H/D

(where H is the height, length, or span of the cylinder), is sufficiently high that the flow around the cylinder can be

considered nominally two-dimensional, the three most important variables governing the fluid flow behaviour are (i) the

spacing between the cylinders, (ii) the orientation of the cylinders in the x–y plane relative to the oncoming flow, and

(iii) the Reynolds number, Re. In most studies, the Reynolds number has been defined using the uniform approach (or

freestream) velocity, U, and the cylinder diameter, i.e., Re=rUD/m where r is the fluid density and m is the dynamic

viscosity. For the case of ‘‘finite’’ cylinders mounted normal to a ground plane, additional variables governing the fluid

flow behaviour include (iv) the cylinder aspect ratio and (v) the properties of the boundary layer on the ground plane.

The two idealized arrangements of the cylinders which have received the most study are the tandem and side-by-side

configurations, shown in Fig. 1(a, b), where the geometry is described by the centre-to-centre longitudinal and

transverse spacings, or pitches, L and T, respectively. In each case, the spacing between the cylinders is usually

expressed in non-dimensional form, as the longitudinal or transverse pitch ratio, L/D or T/D. For the transverse and

side-by-side configurations (Fig. 1(a, b)), some authors have used the gap width, G, instead of the longitudinal and

transverse spacings.
Fig. 1. Two circular cylinders of equal diameter in cross-flow: (a) tandem configuration; (b) side-by-side configuration; and (c)

staggered configuration.



D. Sumner / Journal of Fluids and Structures 26 (2010) 849–899 851
The most general arrangement of two cylinders is the staggered configuration, which is likely the arrangement most

encountered in practice, since in very few cases will an oncoming flow be perfectly aligned with the cylinders, or

precisely perpendicular to them. The geometry of the staggered pair of cylinders, shown in Fig. 1(c), is set by the centre-

to-centre pitch, P, between the cylinders and the angle of incidence; as in the case of the tandem and side-by-side

configurations, the spacing is typically expressed as a dimensionless centre-to-centre pitch ratio, P/D. Alternatively, it

may be defined in a similar manner to the tandem and side-by-side configurations, by the longitudinal and transverse

spacings, L and T, as shown in Fig. 1(c). Perhaps because of the added variable (a) used to define the geometry,

however, the staggered configuration has received somewhat less research attention despite its predominance in

engineering applications.

The fluid dynamics of multiple cylinder configurations immersed in steady cross-flow have been examined by many

researchers (one of the earliest experimental studies, on two circular cylinders in tandem and side-by-side configurations,

was performed by Biermann and Herrnstein (1934), who were interested in the interference effects of airplane struts), and

more than 130 such studies were collected and reviewed for this paper (many of the experimental studies are summarized

in Tables 1–3). The behaviour of groups of cylinders in cross-flow has been reviewed by Zdravkovich (1977, 1987, 1993,

2003), Nishimura (1986), and Chen (1987), with the last major review article published more than 20 years ago by Ohya

et al. (1989). However, within the last 10–20 years, there have been many new contributions to the understanding of the

flow around multiple cylinders, and this has motivated the present review of the literature.

To limit the scope of the material on the flow around multiple cylinders, the primary focus of this review is on

configurations of two infinite circular cylinders of equal diameter immersed in steady cross-flow. Researchers have also

studied the flow around two cylinders of different diameters (e.g., Suzuki et al. (1971), Hiwada et al. (1979), Igarashi

(1982), Bokaian and Geoola (1984), Baxendale et al. (1985), Lam et al. (1993), Ko et al. (1996), Alam and Zhou (2008)),

two cylinders located close to a plane wall (e.g., Bhattacharyya and Dhinakaran (2008)), two cylinders partially buried

in a channel bed (e.g., Cokgor and Avci (2001)), and two cylinders immersed in oscillatory flow (e.g., Cokgor and Avci

(2003), Chern et al. (2010)), for example, but these more specialized studies are not reviewed here. An extensive body of

literature, motivated by industrial problems, also exists on the flow-induced vibrations (e.g., Zdravkovich (1985), Chen

(1987), Mahir and Rockwell (1996a, 1996b), Ting et al. (1998), Zhou et al. (2001), Price et al. (2007), Papaioannou et al.

(2008), Lee et al. (2009), Prasanth and Mittal (2009a, 2009b)) and acoustic resonance (e.g., Mohany and Ziada (2005,

2009), Hanson et al. (2009)) associated with groups of cylinders in cross-flow; however, to further limit the scope of the

review, this subject is not considered here.
2. Approaches to understanding the fluid behaviour

A number of approaches have been used in an attempt to classify the fluid behaviour of multiple circular cylinders in

steady cross-flow, based on a combination of theory, measurement and observation of the flow.

For two-cylinder configurations in steady mean cross-flow, the simplest of the approaches is the more theoretical

treatment by Zdravkovich (1987), who classified the fluid behaviour into two basic types of interference, based on the

location of the downstream cylinder with respect to the upstream one. The two types of interference, and the conditions

under which they occur, are shown in Fig. 2: (i) wake interference, when one of the cylinders is partially or completely

submerged in the wake of the other, and (ii) proximity interference, when the two cylinders are located close to one

another, but neither is submerged in the wake of the other. An example of wake interference would be the widening of

the two separated free shear layers from one cylinder located immediately upstream of a second cylinder, in a tandem

configuration (Fig. 1(a)), such that vortex formation from the first cylinder is suppressed. Proximity interference, on the

other hand, is often difficult to predict, since often there is no obvious or visible displacement of a wake, for example,

but it typically has an effect on the vortex shedding behaviour. An example of proximity interference for a two-cylinder

arrangement is a specific frequency or phase synchronization between two K�arm�an vortex streets, typically seen for the

side-by-side configuration of two cylinders (Fig. 1(b)). Other locations of the downstream cylinder correspond to a ‘‘no-

interference’’ region, although this may be a misnomer, since for the side-by-side configuration, ‘‘interference’’ in the

form of anti-phase synchronization of the vortex shedding processes (e.g., Williamson (1985), Sumner et al. (1999b))

may be found. For the staggered configuration (Fig. 1(c)), Gu and Sun (1999) extended Zdravkovich’s (1987)

classification to three different types, namely wake interference, shear layer interference, and neighbourhood

interference. Both these classification schemes, by Zdravkovich (1987) and Gu and Sun (1999), however, fail in some

respects to recognize the complex behaviour displayed in experiments and the wide range of flow patterns observed.

A second approach has been through the interpretation of experimental (and numerical) data; specifically, vortex

shedding frequencies, static pressure measurements on the cylinder surfaces, and mean lift and drag forces. These

measurements are acquired for different arrangements of the cylinders, as the pitch ratio(s), incidence angle and



Table 1

Selected experimental studies of two tandem circular cylinders in cross-flow. CTA=constant temperature anemometry; FV=flow visualization; LIF=laser-induced fluorescence;

PIV=particle image velocimetry.

Researchers Re L/D AR Blockage

ratio (%)

Turbulence

intensity (%)

Test facility Technique Measurements

Alam et al. (2003b) 6.5� 104 1.1–9 8 8 0.19 Wind tunnel FV, pressure, force St, CP, CP
0, CD, CD

0, CL
0

Arie et al. (1983) 1.57� 105 2–10 11 9 0.3 Wind tunnel Pressure St, CP, CP
0, CD

0, CL
0

Biermann and Herrnstein

(1934)

6.1� 104–1.5� 105 1–9 48–120 1.2–3 Not given Wind tunnel Force Interference drag

Hiwada et al. (1982) 1.5� 104–8� 104 1–6 8, 20 7, 13 0.2 Wind tunnel FV, CTA, pressure,

temperature

St, CD, CD
0, Sh, Nu

Hori (1959) 200–1.2� 104 1.2–3 120 1 0.03 Wind tunnel CTA, pressure St, CP, CPB, velocity

profiles

Huhe-Aode et al. (1985) 100, 300, 1� 103 1.5–10 30 2 Not given Towing tank FV, CTA St

Igarashi (1981) 8.7� 103–5.2� 104 1–5 4 6 0.6 Wind tunnel FV, CTA, pressure St, CP, CP
0, CD

Igarashi (1984) 1.15� 104–1.03� 105 1–1.5 3 13 0.6 Wind tunnel FV, CTA, pressure St, CP, CP
0, CD

Ishigai et al. (1972, 1973) 1.5� 103–1.5� 104 1–5 11 9 Not given Wind tunnel FV, CTA, pressure St, CP

Jendrzejcyk and Chen

(1986)

1.5� 104–1.5� 105 1.4–10 12 9 1–11 Water tunnel Force St, CD
0, CL

0

Kiya et al. (1992) 2� 104–3.7� 104 2.5–4 11 10 0.1–10 Wind tunnel CTA, pressure –

Kostic and Oka (1972) 1.3� 104–4� 104 1.6–9 5 20 2.8 Wind tunnel Pressure, temperature CP, CD, Nu

Kwon et al. (1996) 1.7� 104 1–5 11 2 2.5 Water channel PIV Velocity field

Lee and Basu (1997) 2.4� 104–5.1� 104 2, 3.2 20 6.3 0.35 Wind tunnel FV, CTA, pressure St, CP

Lee and Panagakos (1997) 2.4� 104–5.1� 104 2, 3.2 20 5 0.35 Wind tunnel FV, CTA, pressure St, CP, CP
0

Lin et al. (2002) 1� 104 1.15–5.1 8.3 10 Not given Water channel PIV Velocity field

Ljungkrona and Sund�en
(1993)

3.3� 103–4� 104 1.25–4 16 6 0.1 Wind tunnel FV, pressure St, CP, CP
0

Ljungkrona et al. (1991) 2� 104 1.25–5 16 6 0.1–3.2 Wind tunnel FV, pressure St, CP, CP
0, CD

Nishimura et al. (1986) 800–1� 104 1.2–7.2 5 9 0.6 Water tunnel FV Sh

Okajima (1979) 4� 104–6.2� 105 1.1–6.3 7 8 0.1 Wind tunnel FV St, CD

Sun et al. (1992) 3.25� 105, 6.5� 105 2.2–4 15 5 0.12 Wind tunnel Pressure CP, CP
0

Xu and Zhou (2004) 800–4.2� 104 1–15 40, 16 2.5, 6.7 Not given Wind tunnel,

water tunnel

CTA, LIF St

Wu et al. (1994) 1� 103, 1.7� 104–

4� 104
3–7 24, 20 4, 5 0.1, 0.15 Water tunnel,

wind tunnel

FV, CTA, pressure St

Zdravkovich and Pridden

(1977)

6� 104 2.5–7 33 2 0.1 Wind tunnel CTA, pressure CP, CPB, CD

Zhang and Melbourne

(1992)

1.11� 105 2–10 8 5 0.4–11.5 Wind tunnel Pressure, force CP, CP
0, CD, CD

0, CL
0

Zhou and Yiu (2006) 7� 103 1.3–6 40 2.5 0.4 Wind tunnel CTA Velocity, temperature
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Table 2

Selected experimental studies of two side-by-side circular cylinders in cross-flow. CCA=constant current anemometry; CTA=constant temperature anemometry; FV=flow

visualization; LDV=laser Doppler velocimetry; PIV=particle image velocimetry. Blockage ratio based on the maximum total blockage for two cylinders.

Researchers Re T/D AR Blockage

ratio (%)

Turbulence

intensity (%)

Test facility Technique Measurements

Alam and Zhou (2007a) 4.7� 104 1.1–1.2 6 8 0.5 Wind tunnel FV, pressure CP, CL

Alam et al. (2003a) 350, 5.5� 104 1.1–3.4,

1.1–5

12.5,

6

11, 8 Not given, 0.5 Water channel, wind

tunnel

FV, CTA, pressure,

force

St, CP, CP
0, CD, CL, CD

0, CL
0

Bearman and Wadcock

(1973)

2.5� 104 1–6 31 4 0.2 Wind tunnel FV, CTA, pressure St, CP, CPB, CD, CL

Biermann and Herrnstein

(1934)

6.1� 104–1.5� 105 1–5.3 48–

120

2–6 Not given Wind tunnel Force Interference CD

Brun et al. (2004) 1� 103–1.4� 104 1.583 10 14 Not given Water channel LDV St, velocity profiles

Hori (1959) 200–1.2� 104 1.2–3 120 1 0.03 Wind tunnel CTA, pressure St, CP, CPB, velocity profiles

Ishigai et al. (1972) 1.5� 103–1.5� 104 1.25–3 11 18 Not given Wind tunnel FV, CTA, pressure St

Jendrzejcyk and Chen

(1986)

1.5� 104–1.5� 105 1.35, 2.7 12 17 1-11 Wind tunnel Force St, CD
0, CL

0

Kamemoto (1976) 662 1.5–3 75 3 n/a Towing tank FV, CTA St

3� 104 1–3 5 13 Not given Wind tunnel CTA St

Kim and Durbin (1988) 3.3� 103 1–3 27 3 0.2 Wind tunnel FV, CTA, pressure St, CPB, velocity field

Le Gal et al. (1990) 110 1–7.5 50 4 1 Water tunnel FV –

Peschard and Le Gal

(1996)

90–150 1–6 7 Not

given

1 Water tunnel FV –

Spivack (1946) 5� 103–9.3� 104 1–6 39 5 0.02 Wind tunnel CTA St, velocity profiles

Sumner et al. (1999b) 500–3� 103, 1.2� 103–

3� 103
1–6, 1–3 16,

27

13, 7 0.5, n/a Water tunnel, towing

tank

FV, CTA, PIV St, velocity field

Sun et al. (1992) 3.3� 105, 6.5� 105 2.2 15 10 0.12 Wind tunnel Pressure CP
0

Wang et al. (2002b) 120–1.65� 103 1.13, 1.7, 3 15 13.3 Not given Water tunnel FV –

Williamson (1985) 50–150, 200 1.2–6 140,

13

1, 16 Not given Wind tunnel, water

channel

FV St

Xu et al. (2003) 150–1� 103, 300–

1.4� 104
1.2–1.6 15,

47

13, 4.2 Not given, 0.4 Water tunnel, wind

tunnel

FV, CTA, PIV St, velocity field

Zdravkovich and Pridden

(1977)

6� 104 1.25–2 33 4 0.1 Wind tunnel Force CD, CL

Zhou et al. (2002) 5.8� 103 1.5–3 47 4.2 0.4 Wind tunnel CTA, CCA Velocity field, temperature

field

Zhou et al. (2000) 1.8� 103 1.5–3 79 2.5 0.5 Wind tunnel CTA, CCA Velocity profiles, temperature

profiles
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Table 3

Selected experimental studies of two staggered circular cylinders in cross-flow. CCA=constant current anemometry; CTA=constant temperature anemometry; FV=flow

visualization; PIV=particle image velocimetry. Blockage ratio based on the maximum total blockage for two cylinders.

Researchers Re Geometry AR Blockage

ratio (%)

Turbulence

intensity (%)

Test facility Technique Measurements

Akosile and Sumner

(2003)

5� 104 P/D=1.125–1.25, a=0–901 18 4 0.6 Wind tunnel CTA, pressure,

force

St, CPB, CD, CL

Alam and Sakamoto

(2005)

5.5� 104 P/D=1.1–6, a=10–751 6 8 0.5 Wind tunnel Pressure St

Alam et al. (2005) 5.5� 104, 350 P/D=1.1–6, a=10–751 6, 13 8 0.5, not given Wind tunnel, water

channel

FV, pressure,

force

CP, CP
0, CD, CL, CD

0, CL
0

Bokaian and Geoola

(1984)

5.9� 103 L/D=1.5–4, T/D=0–6 18.1 10.7 6.5 Water channel Force CD, CL

Cooper (1974) 1� 104–1.25� 105 L/D=1.35–50.51, T/D=0–7.43 24 8 Not given Wind tunnel Pressure, force CP, CD, CL

Gu and Sun (1999) 5.6� 103, 2.2� 105–

3.3� 105
P/D=1.5–2, a=0–451, P/D=1.1–

3.5, a=0–901

Not given,

6.4

Not given, 8 Not given, 0.2 Wind tunnel, wind

tunnel

FV, pressure –

Gu et al. (1993) 6.5� 105 P/D=1.05–4, a=0–901 15 11.4 0.12–10 Wind tunnel Pressure CP, CD, CL

Hu and Zhou (2008a,

2008b)

7� 103, 300 P/D=1.2–4, a=0–901 48, 30 4, 3 0.4, not given Wind tunnel, water

tunnel

FV, CTA,

CCA, PIV

St, velocity field,

temperature field

Ishigai et al. (1972, 1973) 1.5� 103–1.5� 104 L/D=0.68–4, T/D=0.5–3 11 9 Not given Wind tunnel FV, CTA,

pressure

St, CP

Kiya et al. (1980) 2� 104–3.7� 104 P/D=0–5.5, a=0–901 11 19 0.8 Wind tunnel CTA St

Moriya and Sakamoto

(1985)

6.53� 104 L/D=2–6, T/D=0–1.5 10 20 0.4 Wind tunnel FV, pressure,

force

St, CP, CP
0, CD, CL, CD

0,

CL
0

Ozono et al. (2001) 2.5� 103–7.5� 103,

3� 104
L/D=1–4, T/D=0–2 23.3, 14.6 7.5, 8.8 1, 2 Water channel, wind

tunnel

FV, CTA,

pressure

St, CPB

Price (1976) 1.7� 104–8� 104 L/D=6–18, T/D=0–2.42 37, 42 5–12 1–11 Wind tunnel FV, pressure,

force

CP, CD, CL

Price and Paı̈doussis

(1984)

1.7� 104–8.6� 104 L/D=1.5–5, T/D=0.75–2 24 6 0.5 Wind tunnel Force CD, CL

Sun et al. (1992) 3.25� 105–6.5� 105 P/D=2.2, a=12.51 15 10 0.12–10 Wind tunnel Pressure CP, CP
0

Sumner (2004) 5� 104 P/D=1.125–1.25, a=0–901 18 4 0.6 Wind tunnel CTA, pressure,

force

St, CPB, CD, CL, G

Sumner et al. (2000) 850–1.35� 103,

1.9� 103
P/D=1–5, a=0–901, P/D=1–4,

a=0–901

16, 27 13, 7 0.5, n/a Water tunnel, towing

tank

FV, PIV St, velocity field

Sumner et al. (2005) 3.2� 104–7.4� 104 P/D=1.125–4, a=0–901 18, 24 3.5, 5.6 0.6 Wind tunnel CTA, force St, CD, CL

Sumner and Richards

(2003)

3.2� 104–7� 104 P/D=2–2.5, a=0–901 24 5.6 0.6 Wind tunnel CTA, force St, CD, CL

Sumner and Schenstead

(2006)

3.2� 104–7.4� 104 P/D=1.125–4, a=0–901 18, 24 3.5, 5.6 0.6 Wind tunnel CTA, pressure,

force

St, CPB, CD, CL, G

Suzuki et al. (1971) 1.3� 103, 1� 105–

6.3� 105
P/D=2, a=0–151, P/D=1.1–3.9,

a=0–151

Not given,

6–18

Not given,

12–24

Not given Water tunnel, wind

tunnel

FV, pressure CP, CD

Ting et al. (1998) 4� 104–2� 105 L/D=1.5–5, T/D=0.1–1.05 5.3–12.8 10.6–25 0.8 Wind tunnel Pressure, force CD, CL

Wardlaw and Cooper

(1973)

1.2� 104–1.4� 105 P/D=1.2–35, a=0–751 45 3 Not given Wind tunnel Force CD, CL

Zdravkovich and

Pridden (1977)

6� 104 L/D=0–5, T/D=0–3 33 5 0.1 Wind tunnel Pressure, force CP, CD, CL

Zhou et al. (2009) 1.5� 103–2� 104 P/D=1.2–4, a=0–901 48 4 0.4 Wind tunnel CTA St

D
.

S
u

m
n

er
/

J
o

u
rn

a
l

o
f

F
lu

id
s

a
n

d
S

tru
ctu

res
2

6
(

2
0

1
0

)
8

4
9

–
8

9
9

8
5
4



Fig. 2. Wake interference and proximity interference boundaries (referenced to the location of the downstream cylinder relative to the

upstream cylinder, Fig. 1(c)) for two staggered circular cylinders of equal diameter immersed in steady cross-flow, based on

Zdravkovich (1987).
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Reynolds number are varied, and the changes to the flow field and other features are then inferred from the behaviour

of the experimental data. As examples: (i) vortex shedding frequency data have been used to infer the existence of two

K�arm�an vortex shedding processes for staggered-cylinder configurations, by Kiya et al. (1980); (ii) static pressure

coefficient data have been offered as evidence of a stable pair of eddies within the gap between two tandem cylinders,

and continuous reattachment of the two shear layers, by Igarashi (1981, 1984), Hiwada et al. (1982) and Ljungkrona

(1992); and (iii) peak mean lift force measurements for two staggered circular cylinders, and rapid changes in the mean

lift force for small adjustments to the geometry, have been attributed to the strong influence of the high speed flow

deflected through the gap between cylinders, as described by Zdravkovich and Pridden (1977). Such an approach is

useful from an engineering design point of view, and has led to recommendations for avoiding the occurrence of flow-

induced vibration, for instance. However, determining the fluid behaviour from measured quantities is prone to

misinterpretation, particularly when done without the benefit of accompanying flow visualization (the studies of

Zdravkovich and Pridden (1977), Kiya et al. (1980), and Eastop and Turner (1982) are selected as examples of the

measurement-only approach, but they are by no means the only ones), or from time-averaged data acquired in flows

which are fundamentally periodic (such as the single cylinder and multiple cylinders).

A third approach to understanding the fluid dynamics of multiple cylinders in cross-flow, and arguably the most useful, is to

identify from flow visualization (and other means) the various flow patterns which arise for different choices of the geometry.

The understanding of the fluid dynamics of tandem cylinders in cross-flow has greatly benefited from this approach, as

demonstrated, for example, by Igarashi (1981, 1984). His studies identified up to eight different flow patterns from a

combination of flow visualization and measured data for various combinations of L/D and Re. The side-by-side configuration

has also been addressed in a similar manner, by Williamson (1985) and Kumada et al. (1984). Sumner et al. (2000) pursued the

flow-pattern identification approach for the staggered configuration and identified up to nine flow patterns.

A fourth, more recent approach has been to study the flow around two cylinders using numerical simulations (e.g.,

Meneghini et al. (2001)). All of the traditional computational fluid dynamics methods have been employed, including

direct numerical simulation, large-eddy simulation (e.g., Chen et al. (2003), Palau-Salvador et al. (2008), Kitagawa and

Ohta (2008)), Reynolds-averaged Navier–Stokes methods, using finite-difference, finite-element (e.g., Edamoto and

Kawahara (1998)), and finite-volume (e.g., Li et al. (2003)) schemes, and also the vortex-in-cell (e.g., Ng and Ko (1995),

Akbari and Price (2005)) and lattice-Boltzman (e.g., Agrawal et al. (2006)) methods. Owing to the complexity of the flow

around groups of cylinders, the numerical approach has been less popular and successful than the experimental approach.

Many of the simulations in the literature are two-dimensional and are restricted to low Reynolds numbers (Reo300).
3. Tandem configuration

When two circular cylinders are arranged in-line and parallel to the mean flow in a tandem (or in-line) configuration

(Fig. 1(a)), the downstream cylinder is shielded from the oncoming flow by the cylinder immediately upstream.
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The wake of the upstream cylinder modifies the incoming flow conditions (specifically, the incident vorticity field (Lin

et al., 2002)) for the downstream cylinder, while this second cylinder interferes with the wake dynamics and vortex

formation region of the upstream cylinder. This mutual interference means that the upstream cylinder may behave as a

turbulence generator, the downstream cylinder may behave as a drag-reduction device or ‘‘wake stabilizer’’ (Lee and

Basu, 1997), and the two cylinders may behave as if a single bluff body or as two independent bodies depending on the

spacing between their centres.

The tandem configuration falls within the wake interference region (Fig. 2) of Zdravkovich (1987). The fluid

behaviour is a function of the Reynolds number (more so than for the other basic two-cylinder groups) and the centre-

to-centre longitudinal pitch ratio, L/D (some studies have used the gap ratio, G/D=L/D�1). At small pitch ratios

K�arm�an vortex shedding from the upstream cylinder is suppressed. At intermediate pitch ratios, complex flow patterns

occur in the gap between the two cylinders. Of prime importance at larger pitch ratios is the critical pitch ratio, (L/D)c,

at which K�arm�an vortex shedding first begins to occur from the upstream cylinder, and the sensitivity of this critical

pitch ratio to the Reynolds number (e.g., Ljungkrona et al. (1991), Ljungkrona and Sund�en (1993), Xu and Zhou

(2004)) and the freestream turbulence intensity (e.g., Ljungkrona et al., 1991). For instance, an increase in freestream

turbulence intensity is associated with a reduction in (L/D)c (Ljungkrona et al., 1991). Elevated turbulence intensity also

has pronounced effects on the fluid forces, vortex shedding frequencies, and flow regimes (e.g., Jendrzejcyk and Chen

(1986), Ljungkrona et al. (1991), Zhang and Melbourne (1992), Gu et al. (1993)).

Many experimental studies of tandem cylinders in steady cross-flow have been undertaken, from low Reynolds

numbers (e.g., Huhe-Aode et al. (1985) at Re=100) to the critical and post-critical regimes (e.g., Sun et al. (1992) at

Re=6.5� 105), and for rows of two cylinders (the majority of studies, in fact those of particular interest in this review),

three cylinders (e.g., Aiba and Yamazaki (1976), Aiba et al. (1980b), Igarashi and Suzuki (1984)), four cylinders (e.g.,

Aiba et al. (1980a, 1981), Igarashi (1986)) and five cylinders (e.g., Hetz et al. (1991)), spaced from one diameter (i.e.,

L/D=1, where the cylinders are in contact) to more than twenty diameters apart in some cases. Some selected

experimental investigations of two-cylinder tandem configurations are summarized in Table 1.

Other studies of two tandem circular cylinders have focused on heat transfer (e.g., Kostic and Oka (1972), Aiba and

Yamazaki (1976), Aiba et al. (1980a, 1980b, 1981), Hiwada et al. (1982), Zhou and Yiu (2006)) and mass transfer (e.g.,

Nishimura et al. (1986)) effects. There have also been many numerical studies of the flow around two circular cylinders

in tandem, primarily at low Reynolds numbers (e.g., Mittal et al. (1997) for Re=100 and 1000; Farrant et al. (2000) for

Re=200; Meneghini et al. (2001) for Re=100 and 200; Sharman et al. (2005) for Re=100; Carmo and Meneghini

(2006) for Re=160–320; Papaioannou et al. (2006) for Re=100–1000; Carmo et al. (2010a) for Re=50–500; Carmo

et al. (2010b) for Re=200–350; Singha and Sinhamahapatra (2010) for Re 40–150), although some higher Reynolds

number simulations also exist (e.g., Kitagawa and Ohta (2008) for Re=2.2� 104).

Related studies in the literature that are not reviewed in this paper include the flow around two tandem square prisms

(e.g., Edamoto and Kawahara (1998), Liu and Chen (2002), Alam and Zhou (2007b), Yen et al. (2008)), flow around

two tandem elliptic cylinders (e.g., Ota et al. (1986), Ota and Nishiyama (1986), Nishiyama et al. (1988)), the flow

around impulsively started cylinders in tandem (e.g., Sumner et al. (1999a)), and the flow around two surface-mounted

finite-height cylinders in tandem (e.g., Sarode et al. (1981), Luo et al. (1996), Palau-Salvador et al. (2008)).

3.1. Flow patterns

The flow around two tandem circular cylinders is sensitive to both Re and L/D. The pioneering studies of the tandem

configuration by Igarashi (1981, 1984) identified eight different flow patterns for two tandem circular cylinders of equal

diameter in steady cross-flow, as shown in Fig. 3; Igarashi’s map of the flow patterns, in Re–L/D space, is also shown in

Fig. 3. This classification of the flow patterns has been widely referenced in other studies in the literature.

Following Zdravkovich’s (1987) approach, the flow patterns in Fig. 3 can be subdivided into three basic types of

wake interference behaviour: (i) single bluff-body behaviour, also referred to as the ‘‘extended-body regime’’ by Xu and

Zhou (2004) and Zhou and Yiu (2006), at small L/D, where the two cylinders are sufficiently close to act as if a single

structure; (ii) shear layer reattachment behaviour, also referred to as the ‘‘reattachment regime’’ by Xu and Zhou (2004)

and Zhou and Yiu (2006), at intermediate L/D, where the separated free shear layers from the upstream cylinder

reattach onto the surface of the downstream cylinder and vortices may form in the gap between the cylinder; and (iii)

K�arm�an vortex shedding from each cylinder, also referred as the ‘‘co-shedding regime’’ by Xu and Zhou (2004) and

Zhou and Yiu (2006), at larger L/D.

A similar classification scheme was used by Carmo et al. (2010a, 2010b), based on numerical simulations of two

tandem circular cylinders at low Reynolds numbers, with three main flow patterns: (i) SG (symmetric in the gap)

observed at L/D=1.5; (ii) AG (alternating in the gap) observed at L/D=1.8 and 2.3; and (iii) WG (wake in the gap)

observed at L/D=5.



Fig. 3. Classification of flow patterns for two tandem circular cylinders in cross-flow, from Igarashi (1981), as a function of the

longitudinal centre-to-centre pitch ratio and Reynolds number.

(Figure taken from Ljungkrona et al. (1991)).
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The reattachment regime can be subdivided into two basic flow regimes based on the behaviour of the Strouhal

number (Xu and Zhou, 2004) and the wake flow structure and vortex dynamics (Zhou and Yiu, 2006). The four

resulting flow regimes for the tandem configuration, based on these more recent studies, are shown in Fig. 4. Here, the

reattachment regime extends from L/D=2–5 (although these boundaries are functions of Re) but has two subdivisions:

for L/D=2–3, shear layer reattachment occurs more often on the rear surfaces (‘‘after-body’’) of the downstream

cylinder, while for L/D=3–5 it occurs more often on the leading surfaces (‘‘fore-body’’) of the downstream cylinder

(Zhou and Yiu, 2006).

The variety of fluid behaviours for the tandem configuration is illustrated in the selected flow visualization images in

Fig. 5. Further details on the flow regimes are now provided in the following subsections.
3.1.1. Single bluff body behaviour (‘‘extended-body’’ regime)

For small pitch ratios (approx. 1oL/Do1.2–1.8 (Zdravkovich, 1987) or 1 oL/Do2 (Zhou and Yiu, 2006),

depending on the Re range) the two cylinders behave as a single bluff body or ‘‘extended-body’’ (Pattern An of Igarashi



Fig. 4. Simplified classification scheme of the flow patterns for two tandem circular cylinders in cross-flow, from Xu and Zhou (2004)

and Zhou and Yiu (2006).

(Figure taken from Zhou and Yiu (2006)).

Fig. 5. Flow past two tandem circular cylinders, flow from left to right (figures taken from Ljungkrona and Sund�en (1993)). Extended-

body regime: (a) L/D=1.25, Re=1� 104; (b) L/D=1.25, Re=1.2� 104. Reattachment regime: (c) L/D=2, Re=1� 104,

(d) L/D=2, Re=1.2� 104; (e) L/D=4, Re=1� 104. Co-shedding regime: (f) L/D=4, Re=1.2� 104.
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(1981) in Fig. 3); some flow visualization images from the literature are shown in Fig. 5(a, b). The downstream cylinder

sits inside the vortex formation region of the upstream cylinder (Ishigai et al., 1972) and the separated shear layers from

the upstream cylinder are forced to enclose or wrap around the downstream cylinder, without any reattachment onto its

surface, before rolling up alternately into K�arm�an vortices behind the downstream cylinder. The downstream cylinder,

in some respects, can be considered to behave in a manner similar to a short splitter plate (Zhou and Yiu, 2006). The

shear layers from the upstream cylinder become considerably elongated compared to the case of a single cylinder. The

gap between the cylinders is thought to contain mostly stagnant fluid (Zdravkovich, 1985) although there may be some

oscillatory cavity-flow-type behaviour (Hetz et al., 1991). K�arm�an vortex shedding from the cylinder pair occurs at a

Strouhal number higher than a single cylinder. Vortex roll-up behind the downstream cylinder has been seen to occur

closer to the cylinder when compared to the single-cylinder case (Meneghini et al., 2001). The wake is narrower and the

K�arm�an vortices are more elongated compared to the case of the single cylinder (Lin et al., 2002) (Fig. 6).
3.1.2. Shear layer reattachment behaviour (‘‘reattachment’’ regime)

For intermediate pitch ratios (approx. 1.2–1.8oL/Do3.4–3.8 (Zdravkovich, 1987) or 2oL/Do5 (Zhou and Yiu,

2006), depending on the range of Re) the cylinders are placed sufficiently far apart that the shear layers from the

upstream cylinder can no longer enclose the downstream cylinder, but instead reattach onto the downstream cylinder.

From Igarashi’s (1981) classification of the flow patterns (Fig. 3), and from the examples shown in Fig. 5(c, d, e), Figs. 7

and 8, a wide variety of fluid behaviour can be observed in this ‘‘reattachment regime’’ (Patterns G, B, C, D, E, and E0

in Fig. 3). This behaviour principally involves the reattachment of the shear layers from the upstream cylinder and the

formation and shedding of eddies in the gap region between the two cylinders. The gap eddies can vary substantially

and intermittently in terms of their strength, asymmetry, and general behaviour (Lin et al., 2002).

The shear layer and gap flow dynamics have been extensively investigated by Igarashi (1981, 1984), Hiwada et al.

(1982), Zdravkovich (1985, 1987), Hetz et al. (1991), Lee and Panagakos (1997), Lee and Basu (1997), Lin et al. (2002),

and others. These studies have used various measurement techniques, including conventional flow visualization

(Figs. 5(c, d, e) and 7) and particle image velocimetry (PIV) (Figs. 6 and 8) to examine the flow field, and surface oil flow

visualization (Alam et al., 2003b), surface-mounted hot-film sensor arrays (e.g., Lee and Basu (1997), Lee and

Panagakos (1997)) and fluctuating surface pressure distributions (e.g., Alam et al. (2003b)) to determine the

reattachment and separation points. Despite the large number of studies, however, a complete picture of what happens

in the gap remains somewhat elusive, likely due to the Reynolds number sensitivity of the shear layers (Lin et al., 2002)

and the vortex formation length (Ljungkrona et al., 1991; Ljungkrona and Sund�en, 1993).
At smaller pitch ratios (1.1oL/Do1.6 from Igarashi (1981)) within the reattachment regime, the shear layers from the

upstream cylinder may alternately reattach onto the front face of the downstream cylinder, this reattachment process being

synchronized with K�arm�an vortex shedding from the downstream cylinder (Pattern B of Igarashi (1981) in Fig. 3). An

alternating reattachment behaviour was also observed by Alam et al. (2003b) for L/Do2. at Re=6.5� 104.

At intermediate pitch ratios (1.6oL/Do2.3–2.4 from Igarashi (1981)) within the reattachment regime, shear layer

reattachment may be nearly continuous and a pair of quasi-stationary eddies forms in the gap (Pattern C of Igarashi

(1981) in Fig. 3). Steady reattachment of the shear layers on the downstream cylinder was also reported by Alam et al.

(2003b) at Re=6.5� 104. Coinciding with the appearance of the eddies, a ‘‘jet-like flow’’ is established on the gap

centreline directed upstream (Lin et al., 2002). In contrast, the numerical simulations of Kitagawa and Ohta (2008), for

L/D=2 and Re=2.2� 104, showed alternate reattachment of the shear layers onto the downstream cylinder

(behaviour similar to Pattern B).

Zhou and Yiu (2006), in their subdivision of the reattachment regime (Fig. 4), noted that for L/D=2–3 shear layer

reattachment occurs more often on the downstream side of the second cylinder. This interferes with boundary layer

development and separation on the downstream cylinder, and the K�arm�an vortices formed behind the downstream

cylinder are relatively weak and small. In contrast, for L/D=3–5, reattachment occurs more often on the second

cylinder’s upstream side. With less influence on the downstream cylinder’s boundary layer development, the resulting

K�arm�an vortices are stronger (Zhou and Yiu, 2006). The change in the reattachment point positions can also be

discerned in the velocity field data, for various pitch ratios, in Fig. 8.

At higher pitch ratios (2.5oL/Do3.1–3.5 from Igarashi (1981)) within the reattachment regime, the shear layers

enclosing the gap may exhibit more oscillatory behaviour (Ljungkrona et al., 1991) and intermittent shedding of the gap

vortices (Pattern D of Igarashi (1981) in Fig. 3) may occur (Zdravkovich, 1985), interfering with vortex shedding from

the downstream cylinder (Zdravkovich, 1987). Examples of the gap vortices and intermittent shedding are shown in

Fig. 7. The numerical simulations of Kitagawa and Ohta (2008), for L/D=3 and Re=2.2� 104, showed two main

modes of fluid behaviour, one where the shear layers from the upstream cylinder symmetrically reattached onto the

downstream cylinder, and another (the more dominant mode) in which a small vortex forms just upstream of the



Fig. 6. Vortex shedding behind the downstream cylinder for different longitudinal pitch ratios (phase-averaged velocity and vorticity

fields from PIV measurements), Re=1� 104, flow from left to right.

(Figures taken from Lin et al. (2002)).
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downstream cylinder and becomes entrained into the K�arm�an vortex shedding process. Periodic (as opposed to

intermittent) shedding of the gap vortices has also been indicated (Igarashi 1981, 1984; Hetz et al., 1991).

Throughout this flow regime, K�arm�an vortex shedding occurs only from the downstream cylinder. At smaller pitch

ratios, the vortices appear different than those from an isolated circular cylinder (Fig. 6) and the vortex formation and

shedding mechanism is distinct (Lin et al., 2002).



Fig. 7. Gap flow patterns for two tandem circular cylinders at intermediate pitch ratios (L/D=3) at Re=100, representative of the

extended-body regime, flow from left to right.

(Figures taken from Huhe-Aode et al. (1985)).
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Igarashi (1981) also identified some transitional flow patterns, identifying Pattern G as an ‘‘unstable’’ flow pattern

where the extended-body regime changes over to the reattachment regime. Similar transitional behaviour was identified

by Xu and Zhou (2004) from Strouhal number measurements, who also found this flow pattern to be bistable.
3.1.3. Vortex shedding from both cylinders (‘‘co-shedding’’ regime)

At higher pitch ratios (approx. L/D43.4–3.8 (Zdravkovich, 1987) or L/D45 (Zhou and Yiu, 2006), depending on

the range of Re) the downstream cylinder is sufficiently far away that K�arm�an vortex shedding can now occur from the

upstream cylinder as well as the downstream one. The downstream cylinder is now located outside the vortex formation

region of the upstream cylinder (Ishigai et al., 1972) and experiences the periodic impingement of shed K�arm�an vortices

from the upstream cylinder. A flow visualization example is shown in Fig. 5(f). In this ‘‘co-shedding’’ flow regime, both

cylinders undergo vortex shedding at the same frequency, and ‘‘vortex shedding from the downstream cylinder is

triggered by the arrival of vortices generated by the upstream cylinder’’ (Alam and Zhou, 2007b). In the numerical

simulations of Meneghini et al. (2001), vortex impingement results in an ‘‘amalgamation process’’, as vortices shed from

the upstream cylinder merge with those forming from the downstream cylinder. The incident vortices are ‘‘severely

distorted as they are swept about the [downstream] cylinder’’ (Lin et al., 2002) and the K�arm�an vortices form very close

to the base of the downstream cylinder (Fig. 6), in contrast to the reattachment regime and the single-cylinder case. The

resulting K�arm�an vortices shed from the downstream cylinder are larger but weaker compared to those in the extended-

body and reattachment regimes (Zhou and Yiu, 2006). The shed vortices comprising the vortex street weaken and

dissipate more quickly due partially to the vortex impingement process (Zhou and Yiu, 2006).

The critical pitch ratio, (L/D)c, at which K�arm�an vortex shedding occurs from the upstream cylinder, varies from 3.5

to 5 depending on the Reynolds number (Xu and Zhou, 2004). The switchover from shear layer reattachment to

K�arm�an vortex shedding from the upstream cylinder is sudden, and the third type of behaviour has been called the

‘‘jumped’’ flow pattern because of the abrupt changeover. In the flow visualization examples from the literature in

Fig. 5(e, f), for L/D=4, due to the Reynolds-number sensitivity of the critical pitch ratio, vortex shedding is seen to

occur from both cylinders only for the highest Reynolds number (Fig. 5(f)).

The transition to and from the co-shedding regime is known to be bistable, with intermittent appearance of the two

flow patterns (Patterns E and E0 from Igarashi (1981) in Fig. 3) on either side of the critical pitch ratio (Igarashi, 1981;

Kiya et al., 1992; Xu and Zhou, 2004). Hysteretic behaviour can also be observed depending on whether L/D or Re is

being increased or decreased (Zdravkovich, 1987); this behaviour has also been observed for two tandem square prisms

(Liu and Chen, 2002). For L/Do6–8, there may be synchronization between the vortex shedding processes and vortex

streets of the upstream and downstream cylinders, and the possible formation of a ‘‘binary vortex street’’ behind the



Fig. 8. Gap flow behaviour at intermediate pitch ratios (instantaneous velocity and vorticity fields from PIV measurements),

Re=1� 104, flow from left to right.

(Figures taken from Lin et al. (2002)).
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downstream cylinder (Zdravkovich, 1987). Vortex formation from the two cylinders is independent for L/D46–8

(Ohya et al., 1989).
3.2. Reynolds number effects

As the flow pattern boundaries of Igarashi (1981) indicate (Fig. 3), the flow around two tandem circular cylinders

is particularly sensitive to the Reynolds number. Extensive Strouhal number data by Xu and Zhou (2004) for Re=800–

4.2� 104 further illustrate the Reynolds number sensitivity beyond the flow pattern boundaries established earlier by
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Igarashi (1981); this is shown in Fig. 9(a). Experiments at supercritical and transcritical Reynolds numbers were

performed by Okajima (1979) and Sun et al. (1992).

At lower Reynolds numbers, the Reynolds number sensitivity of the flow patterns has been investigated numerically

by Carmo et al. (2010a, 2010b). Their flow pattern boundaries are shown in Fig. 9(b) for the SG (symmetric in the gap),

AG (alternating in the gap), and WG (wake in the gap) flow pattern classification. The flow pattern boundaries show

several ranges of L/D and Re where the flow is bistable, alternating between two-dimensional and three-dimensional

wakes or between different flow patterns.
Fig. 9. Reynolds number sensitivity for two tandem circular cylinders in cross-flow: (a) from experimental Strouhal number data

(figure taken from Xu and Zhou (2004)); (b) vortex shedding regimes from the numerical simulations of Carmo et al. (2010a). (a) J,

lower Re for transition between flow regimes; K, upper Re for transition between flow regimes; ’, Ishigai et al. (1972); X, Okajima

(1979); ., Igarashi (1981); &, Arie et al. (1983); � , Huhe-Aode et al. (1985);W, Moriya and Sakamoto (1986); m, Ljungkrona et al.

(1991); horizontal hatched area, transition from extended-body to reattachment regime; vertical hatched area, transition from

reattachment to co-shedding regime. (b) }, mode T3 critical Reynolds numbers;m, mode A critical Reynolds numbers; ~,

two-dimensional transition from shedding regime WG to steady flow; ’, two-dimensional vortex shedding transition from WG to

AG; &, three-dimensional vortex shedding transition from WG to AG; K, two-dimensional vortex shedding transition from AG to

WG; J, three-dimensional vortex shedding transition from AG to WG; dashed lines for data obtained from stability calculations; solid

lines for data from direct numerical simulations.

(Figure taken Carmo et al. (2010a)).
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The critical pitch ratio, (L/D)c, is particularly sensitive to the Reynolds number, and from the various studies in the

literature varies from (L/D)c=3–5. It is noted that the critical pitch ratio behaviour closely follows the Reynolds-

number sensitivity of the vortex formation length (Fig. 10) (Ljungkrona et al., 1991; Ljungkrona and Sund�en, 1993).
Also contributing to the Reynolds number effects is the behaviour of the shear layers from the upstream cylinder, and

the development of shear layer instability (Kelvin–Helmholtz) vortices (Lin et al., 2002). Within the reattachment

regime the small-scale shear-layer instability vortices ‘‘buffet the surface of the downstream cylinder’’ (Lin et al., 2002).

From Figs. 3, 9 and 10, the trend in the experimental data is towards a larger critical pitch ratio at low Reynolds

numbers. The experimental study with the lowest reported values of Reynolds number, Huhe-Aode et al. (1985),

reported (L/D)c=4.5–5 for Re=100, (L/D)c=3.5–4 for Re=300, and (L/D)c=3–3.5 for Re=1000. In contrast,

however, many numerical studies at low Reynolds number have reported much lower values of the critical pitch ratio,

e.g., (L/D)c=3 at Re=100 (Li et al., 1991), (L/D)c=3.7–4 at Re=100 (Sharman et al., 2005), (L/D)c=3 at Re=200

(Meneghini et al., 2001).

3.3. Wake structure and vortex dynamics

The wake structure and vortex dynamics of the tandem cylinder group have been studied experimentally by Lin et al.

(2002) at Re=1� 104 (using PIV) and Zhou and Yiu (2006) at Re=7000 (using hot-wire anemometry). A comparison

of the K�arm�an vortex formation and shedding processes in the near wake of the downstream cylinder, for various L/D,

is shown in Fig. 6. It can be seen that the vortex formation process is substantially different from the case of the single

cylinder.

A comparison of the shed vortices and their strengths, for various L/D, from Zhou and Yiu (2006), is shown in

Fig. 11. In the extended-body and co-shedding regimes, the shed K�arm�an vortices weaken more rapidly compared to

the reattachment regime; however, the wake growth is slower in the reattachment regime compared to the other two

flow regimes (Zhou and Yiu, 2006).

The three-dimensional structure of the flow field was examined experimentally by Wu et al. (1994), with a focus on

the formation of secondary streamwise vortex structures and the spanwise coherence or correlation of the velocity field.

Within the reattachment regime, the streamwise vortex structures are absent behind the upstream cylinder, and the

spanwise correlation in the wake of the downstream cylinder is higher than what is found in the wake of a single circular

cylinder. In contrast, within the co-shedding regime, the spanwise coherence behind the downstream cylinder is lowered

due to the effects of vortex impingement, elevated turbulence intensity, and streamwise vortex structures in the

approaching flow. Their results were generally consistent with the spanwise correlation length data of Arie et al. (1983)

obtained from surface pressure measurements. Several numerical studies have also focused on the three-dimensional
Fig. 10. The Reynolds-number sensitivity of the vortex formation length (for a single circular cylinder) and the critical pitch ratio

(for two tandem circular cylinders), where lf=vortex formation length.

(Figure taken from Ljungkrona and Sund�en (1993)).



Fig.11. Phase-averaged vorticity contours in the wake of two tandem circular cylinders, Re=7000, for different longitudinal pitch

ratios and streamwise distances from the downstream cylinder, for phase, j.

(Figures taken from Zhou and Yiu (2006)).
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structure, in particular its appearance and development at lower Reynolds numbers (Carmo and Meneghini, 2006;

Deng et al., 2006; Papaioannou et al., 2006; Carmo et al., 2010a, 2010b).

3.4. Measurements

Many studies in the literature have reported on the complex behaviour of the measured data, including the surface

mean and fluctuating pressure coefficients (e.g., Arie et al. (1983), Ljungkrona et al. (1991), Alam et al. (2003b)), mean

and fluctuating drag and lift force coefficients, and the Strouhal number. The reader is referred to Table 1 for a list of

selected studies and the measured data they report. Some additional comments on the force coefficients and Strouhal

number are presented in the following sub-sections.

3.4.1. Force coefficients

The complexity of the mean drag force coefficients for the upstream and downstream cylinders is shown in Fig. 12.

For the upstream cylinder, CD is typically lower than the single-cylinder value (the splitter-plate effect of the

downstream cylinder) within the extended-body and reattachment regimes. There is a slow decrease in CD with



Fig. 12. Mean drag force coefficient data for two tandem circular cylinders in cross-flow as a function of gap ratio: J, Alam et al.

(2003b), upstream cylinder, Re=6.5� 104; W, Alam et al. (2003b), downstream cylinder, Re=6.5� 104; K, Biermann and

Herrnstein (1934), upstream cylinder; ., Biermann and Herrnstein (1934), downstream cylinder; ’, Zdravkovich and Pridden (1977),

downstream cylinder; solid line refers to single circular cylinder (Batham, 1973).

(Figure taken from Alam et al. (2003b)).
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increasing L/D until the end of the reattachment regime. After the critical L/D, where the flow suddenly transitions to

the co-shedding regime, the mean CD jumps to a higher value of CD close to the value for a single cylinder.

In the extended-body and reattachment regimes, the mean drag coefficient for the downstream cylinder is negative

(and may reach zero drag at a given value of L/D, depending on the Reynolds number and study), indicating this

cylinder experiences a thrust force. A discontinuous jump from a small negative drag coefficient to a larger positive

mean drag coefficient occurs as the flow ‘‘jumps’’ from the reattachment regime to the co-shedding regime. At

increasingly large pitch ratios, the CD values for the cylinders will eventually approach the single-cylinder value. Since

the mean drag coefficient for the downstream cylinder is for the most part negative for L/Do(L/D)c, and positive for

L/D4(L/D)c, the critical pitch ratio has also been termed the ‘‘drag inversion’’ spacing (Carmo et al., 2010a, 2010b).

The complexity of the fluctuating lift and drag force coefficients is shown in Fig. 13. It is noted that the downstream

cylinder in the co-shedding regime experiences large unsteady forces (Mittal et al., 1997).
3.4.2. Strouhal number

The most extensive set of Strouhal number data for two tandem circular cylinders is that of Xu and Zhou (2004), for a wide

range of Reynolds numbers (Re=800–4.2� 104) and pitch ratios (L/D=1–15). The relationship between Strouhal number

and pitch ratio is shown in Fig. 14. The complexity of the Strouhal number behaviour with both L/D and Re is illustrated in

Fig. 15. In general, only a single value of Strouhal number is measured for two tandem cylinders at all pitch ratios.

When the cylinders behave as a single bluff body at small L/D, the Strouhal number is initially higher than the single-

cylinder value but decreases rapidly with increasing L/D. The higher shedding frequency for the extended-body regime

is a reflection of the shorter vortex formation length when the cylinders are situated very close together (Zdravkovich,

1977). At the boundary between the extended-body and reattachment regimes (e.g., Pattern G of Igarashi (1981) shown

in Fig. 3), two dominant frequencies (Strouhal numbers) may be found (Igarashi, 1981, 1984; Ljungkrona et al., 1991).

A slower decrease in St occurs during the reattachment regime as L/D is increased, and the Strouhal number becomes

lower than the value for a single cylinder. The lower shedding frequency reflects a ‘‘stabilization’’ of the flow field by the

presence of the downstream cylinder in a fashion similar to a splitter plate. Within the extended-body and reattachment

regimes, the vortex shedding peaks in the power spectra tend to be smaller and more broad-banded (Kiya et al., 1980).

A discontinuous jump in St occurs at the critical L/D, as the Strouhal number suddenly increases from a low value to

a high value. The existence of bistable flow patterns at the boundary between the reattachment and co-shedding regimes

(e.g., Patterns E and E0 of Igarashi (1981) shown in Fig. 3) means that over a small range of pitch ratio two dominant

frequencies are found. Within the co-shedding regime, the same St value is measured behind both cylinders, and the

value of St slowly increases and approaches the single-cylinder value as L/D increases. Complex behaviour in the

Strouhal number data with Reynolds number (including the appearance of an additional Strouhal number) is seen at

very high pitch ratios (L/D=6–80), as summarized in the review by Ohya et al. (1989).



Fig. 13. Fluctuating force coefficients for two tandem circular cylinders in cross-flow as a function of gap ratio, Re=6.5� 104:

(a) fluctuating lift force coefficient and (b) fluctuating drag force coefficient.

(Figure taken from Alam et al. (2003b)).
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4. Side-by-side configuration

When two circular cylinders are arranged transverse to the mean flow in a side-by-side (or transverse) configuration

(Fig. 1(b)), the wakes of the two cylinders interact with one another on either side of the gap between the two cylinders.

If the cylinders are in very close proximity, they may behave as if a single bluff body with the added effect of ‘‘base

bleed’’ (Bearman, 1967; Wood, 1967). If the cylinders are spaced sufficiently far apart, they may behave as two

independent bluff bodies, although synchronization between the adjacent vortex streets may occur. Complex wake and

vortex-street interactions occur when the cylinders are spaced between these two extremes, in particular an asymmetric,

or biased, flow pattern that may be bistable in nature.

The side-by-side configuration falls within the proximity interference region of Zdravkovich (1987) shown in Fig. 2.

The fluid behaviour is primarily a function of the centre-to-centre transverse pitch ratio, T/D (some studies have used

the gap width ratio, G/D=T/D�1). There are also some Reynolds number effects, but these effects are less prominent

than for the tandem configuration.

Many experimental studies of side-by-side cylinders in steady cross-flow have been undertaken, from low Reynolds

numbers (e.g., Williamson (1985) at Re=50) to the post-critical regime (e.g., Sun et al. (1992) at Re=6.5� 105), for



Fig. 15. Strouhal number data for two tandem circular cylinders as a function of the Reynolds number and longitudinal pitch ratio: (a)

‘‘extended-body’’ regime (L/D=1–1.3); (b) lower portion of the ‘‘reattachment’’ regime (L/D=2–3.09); (c) upper portion of the

‘‘reattachment’’ regime (L/D=3.5–5); (d) ‘‘co-shedding’’ regime (L/D45). K, L/D=1 (Xu and Zhou, 2004); þ, L/D=1.3 (Xu and

Zhou, 2004); solid line in (a), L/D=1.03 (Igarashi, 1981);X, L/D=2 (Xu and Zhou, 2004); J in (b), L/D=2.5 (Xu and Zhou, 2004);

&, L/D=3 (Xu and Zhou, 2004); solid line in (b), L/D=3.09 (Igarashi, 1981); dashed line in (b), L/D=2.5 (Igarashi, 1981); unequal-

length dashed line in (b), L/D=2.06 (Igarashi, 1981); W, L/D=3.5 (Xu and Zhou, 2004); �, L/D=4; ., L/D=4.5 (Xu and Zhou,

2004); 2, L/D=5 (Xu and Zhou, 2004); �, L/D=6 (Xu and Zhou, 2004); 0, L/D=7 (Xu and Zhou, 2004); m, L/D=8 (Xu and

Zhou, 2004); � , L/D=10 (Xu and Zhou, 2004); ’, L/D=15 (Xu and Zhou, 2004); solid line in (d), single circular cylinder (Norberg,

1994); J in (d), single circular cylinder (Xu and Zhou, 2004); vertical lines in (b) and (c) highlight the co-existence of two prominent

peaks at the same Re.

(Figure taken from Xu and Zhou (2004)).

Fig. 14. Strouhal number data for two tandem circular cylinders in cross-flow as a function of the longitudinal pitch ratio:X,

Re=1.2� 103 (Xu and Zhou, 2004); 2, Re=2.9� 103 (Xu and Zhou, 2004); J, Re=7� 103 (Xu and Zhou, 2004) ; ’,

Re=4.2� 104 (Xu and Zhou, 2004); solid line, Re=2.2� 104 (Igarashi, 1981).

(Figure taken from Xu and Zhou (2004)).
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two cylinders (the majority of studies, those of particular interest in this review), and three cylinders (e.g., Eastop and

Turner (1982), Kumada et al. (1984), Williamson (1985), Sumner et al. (1999b), Zhou et al. (2000), Zhang and Zhou

(2001), Wang et al. (2002a), Zhou (2003)). A number of experimental investigations of two-cylinder side-by-side

configurations are summarized in Table 2.

Larger numbers of cylinders arranged side-by-side in a single column have also been examined (e.g., Ishigai and Nishikawa

(1975), Auger and Coutanceau (1978, 1979), Moretti and Cheng (1987), Cheng and Moretti (1988), Zdravkovich and

Stonebanks (1990), Le Gal et al. (1996)). These single columns are noted for irregular flow patterns involving the coalescence

and deflection of any number of the gap-flow jets, particularly for T/Do2. The gap flows may also intermittently switch

direction, and different groups of jets may intermittently coalesce. These flows have been termed ‘‘metastable’’ (Zdravkovich

and Stonebanks, 1990). These features of the flow are similar to those observed for the two- and three-cylinder arrangements.

There have also been numerical studies of the flow around two circular cylinders in a side-by-side configuration,

primarily at low Reynolds numbers (e.g., Chang and Song (1990) for Re=100; Farrant et al. (2000) for Re=200;

Meneghini et al. (2001) for Re=100 and 200; Chen et al. (2003) for Re=750).

Related studies in the literature that are not reviewed here include the flow around side-by-side square prisms (e.g.,

Kol�ař et al. (1997), Edamoto and Kawahara (1998), Liu and Chen (2002), Alam et al. (2003a), Agrawal et al. (2006),

Alam and Zhou (2007a), Kumar et al. (2008), Chatterjee et al. (2010)), rectangular prisms (e.g., Kondo (2004)), flat

plates (e.g., Miau et al. (1996)), impulsively started circular cylinders (e.g., Sumner et al. (1997)), and surface-mounted

finite-height cylinders (e.g., Park and Lee (2003), Liu and Cui (2006)).

4.1. Flow patterns

There are three main flow patterns for the side-by-side configuration, shown in Fig. 16, namely (i) single-bluff-body

behaviour at small pitch ratios (approximately 1oT/Do1.1–1.2, Fig. 16(a)), (ii) a biased flow pattern at intermediate

pitch ratios (approximately 1.1–1.2oT/Do2–2.2, Fig. 16(b)), and (iii) parallel vortex streets at high pitch ratios

(approximately T/D42–2.5, Fig. 16(b)). These flow patterns are discussed in more detail in the following subsections.

4.1.1. Single-bluff-body behaviour

At smaller pitch ratios, T/Do1.1–1.2 (including when the cylinders are in contact with each other, at T/D=1)

(Fig. 16(a)), the two cylinders behave in a similar fashion to a single bluff-body. A single K�arm�an vortex street forms in

the wake (Sumner et al., 1999b; Wang et al., 2002b). Some flow visualization examples are shown in Fig. 17, which

illustrate the range of behaviours for this flow regime.

When there is a small gap between the cylinders, for 1oT/Do1.1–1.2, the single bluff-body behaviour noted for

T/D=1 becomes slightly modified. Flow through the gap behaves in a similar fashion to base-bleed (Bearman, 1967;

Wood, 1967; Bearman and Wadcock, 1973), whereby higher-momentum fluid, which enters the near-wake through the

gap, increases the base pressure, reduces the drag of both cylinders, and increases the streamwise extent of the vortex

formation region. The vortex shedding frequency, however, tends to remain close to that observed for T/D=1.

Furthermore, a single vortex street is still observed in the combined wake of the two cylinders, and shedding occurs only

from the outside shear layers (Fig. 17). Vortex formation and shedding cannot occur from the inner shear layers due to

the ‘‘near-wall effect’’, i.e. the cylinders are very close together and the gap between them is very small (Xu et al., 2003).

Within the base-bleed flow patterns at small pitch ratios, different ‘‘modes’’ of behaviour may be observed in the

instantaneous flow fields (Sumner et al., 1999b). In some cases, a symmetrical near-wake is formed, where the gap flow is

parallel to the flow axis (Sumner et al., 1999b;Wang et al., 2002b) and symmetrical vortex shedding occurs from the outer shear

layers (Wang et al., 2002b) (Fig. 17(e, f)). More commonly, an asymmetrical near-wake region is formed where the weak gap
Fig. 16. Flow patterns for two side-by-side circular cylinders in cross-flow (given T/D boundaries are approximate): (a) single-bluff-

body behaviour for 1oT/Do1.1–1.2; (b) biased flow pattern for 1.1–1.2oT/Do2–2.2; and (c) parallel vortex streets for T/D42–2.2.



Fig. 17. Flow past two side-by-side circular cylinders at small pitch ratios, showing examples of single-bluff-body behaviour, flow from

left to right: (a) T/D=1, Re=1320, antisymmetric vortex shedding (figure taken from Sumner et al. (1999b)); (b) T/D=1, Re=820,

irregular vortex shedding (figure taken from Sumner et al. (1999b)); (c) T/D=1.13, Re=150, antisymmetric vortex shedding, base-bleed

gap flow directed upwards (figure taken from Wang et al. (2002b)); (d) T/D=1.13, Re=450, antisymmetric vortex shedding, base-bleed

gap flow directed downwards (figure taken from Wang et al. (2002b); (e) T/D=1.13, Re=250, symmetric vortex shedding. (figure taken

from Wang et al. (2002b)); and (f) T/D=1.13, Re=300, symmetric vortex shedding.

(Figure taken from Wang et al. (2002b)).
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flow is deflected or highly biased towards one of the cylinders (Fig. 17(c, d)), but a single vortex street still forms further

downstream (Sumner et al., 1999b; Wang et al., 2002b; Alam et al., 2003a). At T/D=1.1, the highly biased gap flow sweeps

around one of the cylinders over a significant distance and a separation bubble may form on the cylinder towards which the

gap flow is deflected; this separation bubble no longer forms for T/DZ1.2 (Alam and Zhou, 2007a). In the interim pitch ratios,

discontinuous changes in the near-wake flow structure may be observed, involving switching of the gap flow direction and

formation and bursting of the separation bubbles; four modes of near-wake behaviour were observed by Alam and Zhou

(2007a) at T/D=1.13, for instance. In other cases, no significant gap flow is observed or irregular vortex formation may occur

(Sumner et al., 1999b) (Fig. 17(b)). This variation in the instantaneous behaviour of the base-bleed flow is also seen for two

staggered circular cylinders at high incidence angles (close to the side-by-side configuration) (Sumner et al., 2000).

4.1.2. Biased flow pattern

At intermediate values of T/D the two side-by-side circular cylinders have long been known to exhibit an

asymmetrical or biased flow pattern (Spivack, 1946; Hori, 1959; Ishigai et al., 1972; Bearman and Wadcock, 1973;

Williamson, 1985; Kim and Durbin, 1988; Sumner et al., 1999b; Wang et al., 2002b; Zhou et al., 2002; Alam et al.,

2003a; Xu et al., 2003). The range of pitch ratios where the biased flow pattern is observed extends from approximately
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T/D=1.1–1.2 to T/D=2–2.2 depending on the experimental conditions and the Reynolds number. The asymmetrical

flow pattern is characterized by a gap flow biased towards one of the two cylinders. The cylinder towards which the flow

is biased has a narrow near-wake, higher-frequency vortex shedding, and a higher drag coefficient, while the other

cylinder has a wider near-wake, lower-frequency vortex shedding, and a lower drag coefficient. Some flow visualization

examples are shown in Fig. 18. The biased flow pattern is not caused by the ‘‘Coanda effect’’ since similar patterns are

observed for side-by-side square prisms and flat plates (e.g., Miau et al. (1996)).

The deflection of the biased gap flow varies with T/D. The trend is toward a smaller degree of deflection with

increasing T/D and is similar to the difference between the high and low vortex shedding frequencies (Sumner et al.,

1999b). This can be seen by comparing the various flow visualization figures shown in Fig. 18.

In terms of the vortex dynamics of the combined wake for the biased flow pattern, two main types of basic behaviour were

noted by Williamson (1985) for Re=200. In the ‘‘first harmonic mode’’ or ‘‘fundamental mode’’, shown in Figs. 19 and 20,

vortices which form on both sides of the biased gap flow are squeezed and enveloped into the stronger vortices from the

outer shear layer of the configuration, on the side of the wake to which the gap flow is deflected. This process eventually

produces a single vortex street in the combined wake of the cylinders. In the ‘‘second harmonic mode,’’ shown in Fig. 21, the

combined wake of the two cylinders is marked by pairs of vortices on one side, behind the cylinder with the narrower near-

wake region, and single vortices of larger size on the opposite side. In this case, the gap vortices are amalgamated into

the side of the wake where the pairs of vortices are seen. This mode was the most commonly observed, particularly for

T/D=1.6–1.9; intermittent break-down and resumption of this mode were also observed. A ‘‘third harmonic mode’’ was

also reported by Williamson (1985) characterized by a pair of vortices followed by a weaker third vortex.

For these various modes, integer ratios (harmonics) of the fundamental shedding frequency were noticed, i.e., a ratio

of 3:1 between the high and low Strouhal numbers (Williamson, 1985). The experiments by Kim and Durbin (1988) at

Re=3300 reported a ratio close to, but less than, 3:1.

Later flow visualization experiments by Wang et al. (2002b), for Re=120–1650 at T/D=1.7, showed a vortex

amalgamation process (Fig. 22) that seems to be consistent with Williamson’s (1985) first harmonic mode (Fig. 20). In this

case, the two K�arm�an vortices in the narrow wake re-orient and pair themselves to entrain the gap vortex from the wider
Fig. 18. Flow past two side-by-side circular cylinders at intermediate pitch ratios, showing examples of the biased flow pattern, flow

from left to right: (a) T/D=1.4, Re=150, single vortex street (figure taken from Xu et al. (2003)); (b) T/D=1.4, Re=300, two vortex

streets at Re=300 (figure taken from Xu et al. (2003)); (c) T/D=1.5, Re=1000–3000 (figure taken from Sumner et al. (1999b)); and

(d) T/D=2, Re=1000–3000.

(Figure taken from Sumner et al. (1999b)).



Fig. 19. Fundamental mode of vortex shedding for two side-by-side circular cylinders in the biased flow regime, T/D=1.85, Re=200,

flow from right to left.

(Figure taken from Williamson (1985)).
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wake, resulting in an amalgamation of three vortices on the narrow-wake side of the flow. The schematic in Fig. 22 also

shows symmetric formation of vortices on either side of the gap between the cylinders; this type of synchronization within

the immediate near-wake of the cylinders was also observed by Sumner et al. (1999b). Such behaviour, under biased flow

conditions, would seem to broadly correspond to the ‘‘quasiperiodic regime’’ noted by Peschard and Le Gal (1996).

In some cases, the biased flow pattern switches intermittently from being directed towards one cylinder to the other, and

the flow pattern is termed ‘‘bistable’’ (Bearman and Wadcock, 1973; Kim and Durbin, 1988). This ‘‘flip-flopping’’ of the gap

flow direction and wake sizes occurs spontaneously and irregularly, but between switchovers the flow remains stably biased

to one of the cylinders for long durations (perhaps a few orders of magnitude larger than the vortex shedding period (Zhou

et al., 2002)). The gap flow switching phenomenon has also been reproduced in numerical simulations (e.g., Chen et al.

(2003)). The flow visualization experiments of Wang et al. (2002b) at T/D=1.7 showed that the switchover of the biased

flow pattern from one cylinder to the other was linked to the brief appearance and breakdown of larger gap vortex behind

the cylinder with the wider wake. In the experiments of Alam et al. (2003a) at Re=5.5� 104, an intermediate flow pattern

was observed at the time of switchover, in which the gap flow was unbiased and remained parallel to the wake centreline.

The bistable characteristic is not caused by misalignment of the cylinders or other extraneous influences, but is an intrinsic

property of the flow; the transverse configuration may be considered to be the transitional arrangement between two

staggered configurations of greater and lesser incidence to the incoming flow (Bearman and Wadcock, 1973; Kim and

Durbin, 1988). It should be noted that in some experimental studies (e.g., Peschard and Le Gal (1996), Sumner et al. (1999b))

there was no evidence of bistable behaviour, and the flow was consistently biased towards one of the cylinders.

4.1.3. Parallel vortex streets

At higher pitch ratios, T/D42–2.2, the flow field regains its symmetry and both cylinders undergo K�arm�an vortex

shedding at the same frequency. The two side-by-side circular cylinders now behave more as independent, isolated



Fig. 20. Schematic of the fundamental mode of vortex shedding (shown in Fig. 19) for two side-by-side circular cylinders in the biased

flow regime, flow from right to left.

(Figure taken from Williamson (1985)).
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bluff-bodies. Proximity interference effects, however, lead to various modes of synchronization, anti-phase and in-phase

(Fig. 23), in the vortex formation and shedding processes and the resulting parallel vortex streets. Some flow

visualization examples are shown in Figs. 24 and 25.

The existence of two simultaneous, side-by-side vortex shedding processes and vortex streets for this arrangement of

cylinders leads to complex vortex street interaction in the combined wake of the bodies (Williamson, 1985; Le Gal et al.,

1990; Peschard and Le Gal, 1996). At these larger values of T/D, the two vortex streets predominantly synchronize in an

anti-phase fashion (Figs. 23(a), 24, and 25(a)). Here, vortices are shed simultaneously on both sides of the gap between

the cylinders, and the resulting pattern of vortices in the combined wake of the two cylinders is stable. The

predominance of the anti-phase shedding broadly corresponds to the ‘‘locking and phase opposition’’ regime noted by

Peschard and Le Gal (1996). An anti-phase pattern can persist for at least 20 diameters downstream of the cylinder pair

(Zhou et al., 2002).

In some cases, the flow pattern may intermittently switch to in-phase synchronization of the vortex streets (Figs. 23(b)

and 25(b)), and then revert back to anti-phase synchronization (Williamson, 1985). The in-phase synchronization leads

to an unstable configuration of vortices and leads to the formation of what is essentially a single wake behind the

cylinder pair containing a binary vortex street (Williamson, 1985) (Fig. 25(b)).

Alam et al. (2003a) and other researchers have shown that the predominance of the anti-phase shedding

synchronization decreases with increasing T/D. Irregular shedding behaviour may also appear intermittently (Sumner

et al., 1999b; Alam et al., 2003a).

The pitch ratio where transition occurs from the biased flow regime to one of parallel vortex streets, with a gap flow

aligned with the mean flow direction, varies among the studies in the literature and is sensitive to Reynolds number

(Zhou et al., 2009). From T/D=2.2–2.5, Alam et al. (2003a) continued to notice a small deflection angle to the gap flow

(see also Fig. 24(a)) and the bistable nature, but the vortex shedding processes exhibited anti-phase synchronization

characteristic of higher pitch ratios. They characterized this range of T/D as an intermediate flow regime between the

traditional biased flow and parallel vortex street behaviours.



Fig. 21. Second harmonic mode of vortex shedding for two side-by-side circular cylinders in the biased flow regime, T/D=1.7,

Re=200, flow from right to left.

(Figure taken from Williamson (1985)).
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4.2. Reynolds number effects

The Strouhal number measurements and flow visualization experiments of Xu et al. (2003) for a wide range of

Reynolds numbers within the biased flow regime showed that at lower Reynolds numbers and smaller T/D, one cylinder



Fig. 22. Near-wake vortex formation, shedding, and interactions for two side-by-side circular cylinders at intermediate pitch ratios

(shown here for T/D=1.7).

(Figure taken from Wang et al. (2002b)).

Fig. 23. Vortex street synchronization for two side-by-side circular cylinders: (a) anti-phase and (b) in-phase.

Fig. 24. Flow past two side-by-side circular cylinders at high pitch ratios showing anti-phase vortex shedding synchronization,

Re=1000–3000: (a) T/D=2.5 and (b) T/D=4.5.

(Figures taken from Sumner et al. (1999b)).
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has a small closed wake and the combined wake of the cylinders is marked by a single vortex street of low Strouhal

number. At higher Reynolds numbers and larger T/D, once the gap flow Reynolds number is sufficiently high, the small

closed wake no longer forms; a twin vortex street wake is formed instead and two distinct Strouhal numbers are

measured. The flow pattern boundaries for the single and twin vortex street combined wakes, as functions of Re and

T/D. are shown in Fig. 26. Flow visualization examples for the two cases are shown in Fig. 27.

The Reynolds number sensitivity of the wake switching phenomenon in the biased flow regime was investigated by

Brun et al. (2004). They determined that below a critical Reynolds number, which ranged between Re=1000–1700, the

biased flow tended to be stably biased towards one of the cylinders (as noticed in many of the studies at lower Reynolds

numbers, such as Sumner et al. (1999b)), whereas above the critical Reynolds number, the wake switching phenomenon



Fig. 25. Flow visualization examples for two side-by-side circular cylinders with T/D=3.4, Re=200: (a) anti-phase synchronization

and (b) in-phase synchronization leading to eventual formation of a binary vortex street.

(Figure taken from Williamson (1985)).

D. Sumner / Journal of Fluids and Structures 26 (2010) 849–899876
occurs. This onset of the wake switching phenomenon was related to the appearance of Kelvin–Helmholtz instability

vortices in the separated shear layers (Brun et al., 2004). With increasing Reynolds number, the average time between

switchovers in the biased flow pattern decreases (Brun et al., 2004).
4.3. Wake structure and vortex dynamics

Wake mean velocity and turbulence profiles have been provided by several researchers (e.g., Zhou et al. (2000), Brun

et al. (2004)); see the summary of experimental studies in Table 2 for additional studies.

Greater details of the wake structure and the behaviour of the shed vortices were studied by Zhou et al. (2002) at

Re=5800; an example is shown in Fig. 28. Their measurements were made between 10 and 40 diameters downstream

from the cylinders, or the ‘‘intermediate wake’’, i.e., beyond the region where complex vortex street interactions occur

(as shown in the flow visualization images presented earlier). For T/D=1.5, within the biased flow pattern (Fig. 28(d, e, f)),



Fig. 26. Reynolds number dependence of the Strouhal numbers within the biased flow regime for two side-by-side circular cylinders.

The solid symbols represent the detection of a single Strouhal number; the open symbols represent the detection of two Strouhal numbers.

The dotted line is used to illustrate the approximate boundary between the single-St and dual-St regimes: K and J, Spivack (1946); x ,

Ishigai et al. (1972);% and$, Kamemoto (1976);W, Quadflieg (1977); and OPEN , Kiya et al. (1980); and OPEN , Williamson

(1985); ~ and }, Kim and Durbin (1988); b and v , Sumner et al. (1999b); . and X, Zhou et al. (2001); ’ and &, Xu et al. (2003).

(Figure from Xu et al. (2003)).

Fig. 27. Single and twin vortex street combined wakes within the biased flow regime for two side-by-side circular cylinders: (a) single

vortex street structure, Re=150 and (b) twin vortex street structure, Re=300.

(Figure from Xu et al. (2003)).
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a single vortex street is present at this distance downstream of the cylinders, but the street is asymmetric in terms of

vortex strength and convection velocity, and clearly reflects the initial conditions and near-wake pattern. For T/D=3

(Fig. 28(g, h, i)), where there are initially two vortex shedding processes synchronized in an anti-phase fashion, by 40

diameters these streets have evolved to a single street with the disappearance of the inner rows of vortices (Zhou et al.,

2002).

4.4. Measurements

For the side-by-side configuration, there is an abundance of data for the Strouhal numbers, but relatively few studies

have examined the aerodynamic forces compared to the tandem configuration; see Table 2 for a list of experimental

studies and the types of measurements available (additional experimental data for both the tandem and side-by-side

configurations can also be obtained from many of the studies on staggered cylinders; see Table 3). In addition to

measurements of forces and shedding frequencies, some studies have measured the mean and fluctuating pressure

coefficients (e.g., Bearman and Wadcock (1973), Sun et al. (1992), Alam et al. (2003a), Alam and Zhou (2007a). Some

additional comments on the force coefficients and Strouhal number are presented in the following sub-sections.



Fig. 28. Phase-averaged dimensionless vorticity contours in the intermediate wake of two side-by-side circular cylinders, Re=5800,

for phase, j. Single circular cylinder: (a) x/D=10, contour interval=0.27; (b) x/D=20, contour interval=0.135; (c) x/D=40,

contour interval=0.03. Side-by-side circular cylinders with T/D=1.5: (d) x/D=10, contour interval=0.135; (e) x/D=20, contour

interval=0.081; (f) x/D=40, contour interval=0.045. Side-by-side circular cylinders with T/D=3: (g) x/D=10, contour

interval=0.135; (h) x/D=20, contour interval=0.054; and (i) x/D=40, contour interval=0.0243. Solid lines represent positive

(CCW) vorticity; dashed lines represent negative (CW) vorticity.

(Figure taken from Zhou et al. (2002)).
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4.4.1. Force coefficients

Examples of the mean drag and lift coefficient data for two side-by-side circular cylinders are shown in Fig. 29.

Beyond the biased flow regime, the mean drag coefficients approach the value for a single circular cylinder and the mean

lift coefficients tend to zero. Within the biased flow regime, the cylinder with the narrow wake has a lower base pressure,

higher mean drag coefficient, and lower mean lift coefficient (Bearman and Wadcock, 1973; Alam et al., 2003a). Except

for very small pitch ratios, the mean lift coefficients for both cylinders are positive (outward-directed, repulsive) (Alam

et al., 2003a). At very small pitch ratios, however, where the cylinders behave as if a single bluff body, highly deflected

gap flow may lead the formation of a small separation bubble on the rear of the cylinder towards which the gap flow is

deflected. The presence of this separation bubble leads to this cylinder experiencing a negative (inward-directed,

attractive) lift force (Alam and Zhou, 2007a). Discontinuous changes in the near-wake flow structures at small pitch

ratios can have pronounced effects on the mean lift coefficient (Alam and Zhou, 2007a). Marked differences in the

fluctuating lift and drag coefficients are also noticed in the biased flow regime (Alam et al., 2003a).
4.4.2. Strouhal numbers

A collection of Strouhal number data from a wide range of experiments spanning a wide range of Reynolds numbers

is shown in Fig. 30. At small pitch ratios, where the cylinders behave as if a single bluff body, the Strouhal number is

lower than (approximately one half of) the single-cylinder value. Within the biased flow regime, one or two Strouhal

numbers may be measured, depending on the Reynolds number and measurement location, with an approximate 3:1



Fig. 29. Mean aerodynamic force coefficients for two side-by-side circular cylinders as a function of the dimensionless gap ratio: (a) mean

drag force coefficient and (b) mean lift force coefficient: m, Hori (1959), Re=8000; W, Zdravkovich and Pridden (1977), Re=6� 104;
J, Alam et al. (2003a), Re=5.5� 104. Mode ‘NW’=cylinder with the narrow wake; Mode ‘WW’=cylinder with the wide wake.

(Figures taken from Alam et al. (2003a)).
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ratio. As the pitch ratio increases beyond the biased flow regime, the Strouhal number approaches the value for a single

cylinder.

Further illustration of the Reynolds number effects is shown in Fig. 31. Within the biased flow regime, the ratio of

the two Strouhal numbers changes with increasing Reynolds number, as shown in Fig. 31(a, b). The upper limit of

the biased flow regime also appears to be sensitive to Reynolds number, as shown by the St behaviour in Fig. 31(b).

A critical Reynolds number of Re=1� 104 is noted in these data, where changes occur in the flow patterns at

intermediate T/D (Zhou et al., 2009).

Additional Strouhal number data from Alam et al. (2003a) are shown in Fig. 32, which show some intermediate

Strouhal numbers within the biased flow regime at approximately twice the lowest measured Strouhal number. This

‘‘intermediate frequency mode’’ was associated with the intermittent appearance of a symmetric flow pattern, similar to

the anti-phase vortex street synchronization at higher T/D. Intermediate frequencies were also identified by Spivack

(1946) and Bearman and Wadcock (1973), which led to Williamson’s (1985) suggestions of harmonic modes of vortex

shedding (Section 4.1.2).
5. Staggered configuration

The staggered configuration (Fig. 1(c)) is the most general arrangement of two circular cylinders. The geometry of the

staggered pair of cylinders is set by the dimensionless centre-to-centre pitch ratio, P/D, and the angle of incidence, a;
alternatively, the arrangement of the cylinders has been defined by some authors using the longitudinal and transverse



Fig. 30. Strouhal number data for two side-by-side circular cylinders as a function of transverse pitch ratio and Reynolds number: J,

Spivack (1946), Re=2.8� 104; x , Ishigai et al. (1972), Re=1500; þ, Bearman and Wadcock (1973), Re=2.5� 104; $, Kamemoto

(1976), Re=3� 104; W, Quadflieg (1977), Re=3� 104; OPEN , Kiya et al. (1980), Re=2� 104; OPEN , Williamson (1985),

Re=55, 100, 200; }, Kim and Durbin (1988), Re=3300; v , Sumner et al. (1999b), Re=1200–2200; X, Zhou et al. (2001),

Re=120 and 3500; &, Xu et al. (2003), Re=300–1.43� 104.

(Figure taken from Xu et al. (2003)).

Fig. 31. Strouhal number data for two side-by-side circular cylinders and the effect of Reynolds number: (a) T/D=1.5; (b) T/D=2;

and (c) T/D=3: þ, Bearman and Wadcock (1973); ~, Kamemoto (1976); � , Kiya et al. (1980); ., Kim and Durbin (1988); b,

Sumner et al. (1999b); %, Sumner et al. (2005); W, Zhou et al. (2009).

(Figure taken from Zhou et al. (2009)).
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pitch ratios, L/D and T/D, respectively. Depending on the geometry, the cylinders may experience wake interference

and/or proximity interference effects, including those effects noticed in the tandem and side-by-side configurations. The

complexity of the flow arises from the interaction of four separated free shear layers, two K�arm�an vortex formation and

shedding processes, and interactions between the two K�arm�an vortex streets (Fig. 33). The result is a large number of



Fig. 32. Strouhal number data for two side-by-side circular cylinders, Re=5.5� 104, as a function of dimensionless gap ratio, showing

high-frequency, intermediate frequency, and low-frequency modes: J, from fluctuating lift measurements; W, from fluctuating

pressure measurements; &, from hot-wire measurements.

(Figure taken from Alam et al. (2003a)).

Fig. 33. Shear layer and vortex designations (for the upstream and downstream cylinders) for two staggered circular cylinders in cross-flow.
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flow patterns for the staggered configuration, with an overview of the patterns identified by Sumner et al. (2000) shown

in Fig. 34.

The staggered configuration has been studied primarily using experiments (as opposed to numerical simulations) and

mostly at high subcritical Reynolds numbers (defined for a single circular cylinder), since these are more commonly

found in industrial applications; a summary of selected experimental studies is given in Table 3. Measurements have

focused mainly on the aerodynamic force coefficients and Strouhal numbers. Some insights into the effects of Reynolds

number on the Strouhal numbers and flow patterns have recently been published (e.g., Zhou et al. (2009)). Because of

the complexity of the flow, there have been relatively few numerical studies of the staggered configuration. Mittal et al.

(1997) modelled the flow at Re=100 and 1000 for a single widely spaced staggered configuration of P/D=5.54 and

a=7.251. Jester and Kallinderis (2003) modelled the staggered cylinders at Re=80–1000 and had some success at

reproducing the experimentally observed flow patterns. Akbari and Price (2005) used the vortex method at Re=800 to

reproduce the wide range of flow patterns discovered by Sumner et al. (2000). Lee et al. (2009) modelled the flow at

Re=100 with a focus on the fluid forces.

Related studies in the literature that are not reviewed here include the effect of planar shear flow on two closely

spaced staggered circular cylinders (Akosile and Sumner, 2003) and the flow around two staggered surface-mounted

finite-height circular cylinders (e.g., Taniguchi et al. (1982), Li and Sumner (2009)).



Fig. 34. Low subcritical regime flow patterns for two staggered circular cylinders in cross-flow, Re=850–1900, identified by Sumner

et al. (2000). Single bluff-body flow patterns: (a) type 1, SBB1; (b) type 2, SBB2; (c) base bleed, BB. Small incidence angle flow patterns:

(d) shear layer reattachment, SLR; (e) induced separation, IS; (f) vortex impingement, VI. Large incidence angle flow patterns: (g) gap

vortex pairing and enveloping, VPE; (h) gap vortex pairing, splitting and enveloping, VPSE; and (i) synchronized gap vortex shedding,

SVS.
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5.1. Flow patterns

One of the first studies to consider the flow patterns for the staggered configuration was conducted by Gu and Sun

(1999), who extended Zdravkovich’s (1987) classification to three different types, namely wake interference, shear layer

interference, and neighbourhood interference. However, their study was limited to staggered configurations with small

and intermediate pitch ratios in the high subcritical regime (Re=2.2� 105–3.3� 105). Their IB, IIB, and IIIB flow

patterns are shown schematically in Fig. 35.

More extensive flow visualization and PIV experiments by Sumner et al. (2000) were conducted within the low

subcritical regime (Re=850–1900) and revealed a much wider range of flow patterns for the staggered configuration

(Fig. 34). Nine distinct patterns were identified which incorporated various aspects of shear layer reattachment,

alternate vortex shedding from one or both cylinders, vortex splitting, pairing and enveloping, synchronized vortex

shedding, and vortex impingement. Approximate flow pattern boundaries are shown in Fig. 36. Some flow visualization

examples of these flow patterns are shown in Fig. 37. The nine flow patterns can be more broadly grouped into single-

bluff-body flow patterns, small-incidence-angle flow patterns, and large-incidence-angle flow patterns (Fig. 34).
5.1.1. Single-bluff-body flow patterns

At small pitch ratios (approx. P/D=1–1.25), the two staggered cylinders behave as if a single bluff body, and three

main flow patterns were identified by Sumner et al. (2000). A single vortex street occurs behind the cylinder pair, with

vortices forming and shedding from the outer shear layers. The single bluff body type 1 (SBB1, Figs. 34(a) and 37(a))

flow pattern (approx. P/D=1–1.125, a=0–451) is characterized by instabilities in the elongated shear layer from the

upstream cylinder. For the single bluff body type 2 (SBB1, Figs. 34(b) and 37(b)) flow pattern (approx. P/D=1–1.125,

a=45–901), the outer shear layers are of similar length. At high incidence angles, the base-bleed (BB, Fig. 34(c)) flow

pattern (approx. P/D=1.125–1.25, a=45–901) is observed, where the weak gap flow enters the base region. This gap



Fig. 35. Flow patterns for two staggered circular cylinders in cross-flow identified by Gu and Sun (1999). S=separation point;

P=stagnation point; R=reattachment point; T=shear layer touch point; b=incidence angle; G=upper and lower limits on

incidence angle: (1) the interference of wake (boGB1, the pressure pattern IB on the downstream cylinder); (2) the interference of shear

layer (GB1oboGB2, the pressure pattern IIB on the downstream cylinder) and (3) the interference of neighbourhood (b4GB2, the

pressure pattern IIIB on the downstream cylinder).

(Figure taken from Gu and Sun, 1999).
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flow may be deflected towards either of the cylinders, similar to what is observed for two side-by-side circular cylinders

(Section 4.1.1).
5.1.2. Small-incidence-angle flow patterns

At small incidence angles (approx. a=0–301) for a wide range of pitch ratios (approx. P/D=1.125–4), a larger gap

between the cylinders leads to additional complexity to the flow patterns (Sumner et al., 2000). The shear layer

reattachment (SLR, Figs. 34(d) and 37(c)) flow pattern (approx. P/D=1.125–4 and a=0–201) is marked by

reattachment of the inner shear layer of the upstream cylinder onto the outer surface of the downstream cylinder. The

wake of the cylinder is characterized by a single vortex street. The SLR flow pattern is similar to Pattern IB of Gu and

Sun (1999) (Fig. 35(a)). For the induced separation (IS, Figs. 34(e) and 37(d)) flow pattern (approx. P/D=1.125–3

and a=10–301), the inner shear layer from the upstream cylinder is deflected through the gap between the cylinders,

and separated flow and vorticity generation is induced on the inner surface of the downstream cylinder. The IS flow

pattern is similar to Pattern IIB of Gu and Sun (1999) (Fig. 35(b)). In the vortex impingement (VI, Figs. 34(f) and 37(h))



Fig. 36. Flow pattern boundaries for two staggered circular cylinders in cross-flow, Re=850–1900, from Sumner et al. (2000):

(a) P/D–a notation; (b) L/D–T/D notation. BB, base-bleed; IS, induced separation; SBB1, single bluff-body type 1; SBB2, single bluff-

body type 2; SLR, shear layer reattachment; SVS, synchronized vortex shedding; VI, vortex impingement; VPE, gap vortex pairing and

enveloping; VPSE, gap vortex pairing, splitting and enveloping. Dotted lines represent proposed boundaries.
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flow pattern (approx. P/D=3–5 and a=0–201), the cylinders are spaced sufficiently far apart in the longitudinal

direction that vortex shedding occurs from the upstream cylinder, but have a relatively small transverse spacing such

that the shed vortices impinge upon the downstream cylinder (Sumner et al., 2000).

From the experiments of Alam et al. (2005) at Re=5.5� 104, two bistable flow regions were observed at a=101. For

P/D=1.1–2.3, the bistable flow was associated with the development and disappearance of a separation bubble on the

downstream cylinder’s inner surface. For P/D=3.1–3.4, the bistable behaviour was related to the transition between

the SLR and VI flow patterns, specifically the reattachment or detachment onto the downstream cylinder of the

upstream cylinder’s inner shear layer.
5.1.3. Large-incidence-angle flow patterns

At large incidence angles (approx. a=15–901) and for a wide range of pitch ratios (approx. P/D=1.25–5), vortex

shedding occurs from both cylinders (Sumner et al., 2000). The vortex pairing and enveloping (VPE, Figs. 34(g) and

37(e)) flow pattern (approx. P/D=1.25–3.5, a=20–451) is denoted by pairing of gap vortices and enveloping of the

vortex pair by a shed vortex from the outer shear layer of the upstream cylinder. This enveloping process is incomplete

in the vortex pairing, splitting and enveloping (VPSE, Figs. 34(h) and 37(f)) flow pattern (approx. P/D=1.25–4,

a=20–901). The VPE and VPSE flow patterns are similar to Pattern IIIB of Gu and Sun (1999) (Fig. 35(c)). For a wide



Fig. 37. Flow visualization examples for two staggered circular cylinders in cross-flow: (a) SBB1 flow pattern, P/D=1, a=301,

Re=1320; (b) SBB2 flow pattern, P/D=1, a=601, Re=1320; (c) SLR flow pattern, P/D=1.5, a=101, Re=1300; (d) IS flow

pattern, P/D=1.5, a=201, Re=1320; (e) VPE flow pattern, P/D=1.5, a=301, Re=850; (f) VPSE flow pattern, P/D=2, a=401,

Re=880; (g) SVS flow pattern, P/D=2.5, a=701, Re=900; and (h) VI flow pattern, P/D=4, a=101, Re=860.
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range of geometries, a synchronized vortex shedding (SVS, Figs. 34(i) and 37(g)) flow pattern (approx. P/D=1.5–5,

a=15–901) is observed, where both cylinders undergo vortex shedding and anti-phase synchronization is observed

(similar to two side-by-side circular cylinders, Section 4.1.3) (Sumner et al., 2000).

From the experiments of Alam et al. (2005) at Re=5.5� 104, two types of bistable flow were found at higher

incidence angles. At a=251 for P/D=2.9–3.1, bistable behaviour could basically be related to transition between a

VPE/VPSE-type flow pattern and a SVS-type flow pattern. The other type of bistable flow occurred for small pitch

ratios, from P/D=1.1–1.5 and a=25–751, and was related to changes in the gap flow patterns, specifically the



D. Sumner / Journal of Fluids and Structures 26 (2010) 849–899886
development or disappearance of a separation bubble on the inner surface of the upstream cylinder, or changes in shear

layer reattachment behaviour.
5.2. Reynolds number effects

The most comprehensive study of Reynolds number effects for the staggered configuration was completed by Zhou

et al. (2009), which was focused on the behaviour of the Strouhal numbers. Their classification of the Reynolds number

effects included four types of behaviour (Figs. 38–41).

The Type 1 behaviour (Fig. 38) occurs mainly for single bluff body and base-bleed (SBB1, SBB2, BB) flow patterns,

which are found at small pitch ratios (approx. P/D=1–1.2). A single Strouhal number is found in the wake of the

cylinder pair, which has only a weak dependence on Reynolds number (Zhou et al., 2009).

The Type 2 behaviour (Fig. 39) occurs for a wide range of pitch ratios (approx. P/D41.1–1.2) and small incidence

angles (approx. ao101). A single Strouhal number is found in the wake of the cylinders, which has a discontinuous

jump to a higher value of Strouhal number once a critical value of Reynolds number is attained (pitch-ratio dependent,

but lies between Re=6500–9500). In the Type 2A sub-classification, a single bluff body flow pattern (SBB1) transitions

to a shear layer reattachment (SLR) flow pattern once the critical Reynolds number is exceeded. In the Type 2B sub-

classification, the shear layer reattachment (SLR) flow pattern transitions to a vortex impingement (VI) flow pattern

above the critical value of Reynolds number (Zhou et al., 2009).

Two distinct Strouhal numbers are found for Type 3 behaviour (Fig. 40), where the higher value of Strouhal number

is strongly dependent on Reynolds number and the lower value is only weakly dependent. As the Reynolds number is

increased, the higher Strouhal number suddenly drops to the lower value. The Type 3 behaviour occurs for low to

intermediate pitch ratios (approx. 1.1–1.2oP/Do1.5–2.2) and a wide range of incidence angles (approx. a=10–751).

As a critical value of the Reynolds number is exceeded, a vortex pairing and enveloping (VPE) or vortex pairing,

splitting and enveloping (VPSE) flow pattern switches to an induced separation (IS) or shear layer reattachment (SLR)

flow pattern (Zhou et al., 2009).
Fig. 38. Flow patterns for two staggered circular cylinders in cross-flow associated with Type 1 Strouhal–Reynolds number behaviour.

Flow is from left to right: (a) single bluff-body type 2 (SBB2) flow pattern; (b) base-bleed (BB) flow pattern; and (c, d) single bluff-body

type 1 (SBB1) flow pattern.

(Figure taken from Zhou et al. (2009)).



Fig. 40. Flow patterns for two staggered circular cylinders in cross-flow associated with Type 3 Strouhal–Reynolds number behaviour.

Flow is from left to right. As the Reynolds number is increased, the flow patterns in the left-hand column change to the flow patterns in

the right-hand column: (a) vortex pairing and enveloping (VPE) flow pattern; (b,d) shear layer reattachment (SLR) flow pattern; and

(c) vortex pairing, splitting, and enveloping (VPSE) flow pattern.

(Figure taken from Zhou et al. (2009)).

Fig. 39. Flow patterns for two staggered circular cylinders in cross-flow associated with Type 2 Strouhal–Reynolds number behaviour

Flow is from left to right. As the Reynolds number is increased, the flow patterns in the left-hand column change to the flow patterns in

the right-hand column: (a) single bluff-body type 1 (SBB1) or ‘‘overshooting’’ flow pattern; (b, c, d, f, g) shear layer reattachment

(SLR) flow pattern; and (e, h) vortex impingement (VI) or ‘‘co-shedding’’ flow pattern.

(Figure taken from Zhou et al. (2009)).
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The Type 4 behaviour (Fig. 41) is also associated with two distinct values of Strouhal number. As the Reynolds

number is increased, a single Strouhal number is obtained that is close to the value for a single circular cylinder. In the

Type 4A sub-classification (for approx. P/D42.2 and a=10–201), an induced separation (IS) flow pattern transitions

to a vortex impingement (VI) flow pattern with increasing Reynolds number. In the Type 4B sub-classification (for

approx. P/D42.2 and a=20–881) there is a change from a VPSE flow pattern to an SVS flow pattern, and both

the high and low St values approach the single-cylinder St value. In the Type 4C sub-classification (for approx.



Fig. 41. Flow patterns for two staggered circular cylinders in cross-flow associated with Type 4 Strouhal–Reynolds number behaviour.

Flow is from left to right. As the Reynolds number is increased, the flow patterns in the left-hand column change to the flow patterns in

the right-hand column: (a) induced separation (IS) flow pattern; (b) vortex impingement (VI) or ‘‘co-shedding’’ flow pattern; (c) vortex

pairing, splitting and enveloping (VPSE) flow pattern; (d, e, f, g) ‘‘no-enveloping’’ flow pattern (grouped into the synchronized vortex

shedding (SVS) flow pattern of Sumner et al. (2000)); (h, i, j, k) synchronized vortex shedding (SVS) flow pattern, where (h, j) are anti-

phased and (i, k) are in-phase.

(Figure taken from Zhou et al. (2009)).
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P/D=1.7–2.5 and a=88–901), changes occur within the SVS flow pattern that are associated with the bias angle of the

gap flow, similar to what is observed for two side-by-side circular cylinders in the biased flow regime (Section 4.1.2). In

the Type 4D sub-classification (for approx. P/D42.5 and a=88–901), the Strouhal number changes are similar to what

are observed for two side-by-side circular cylinders in the parallel vortex street regime (Section 4.1.3) (Zhou et al., 2009).

The effects experienced by two staggered cylinders in the supercritical Reynolds number regime have been examined

by Suzuki et al. (1971) and Sun et al. (1992).
5.3. Wake structure and vortex dynamics

Detailed studies of the intermediate wake, i.e., beyond the near-wake region which is the typical focus of the flow

visualization studies), of two staggered circular cylinders were performed by Hu and Zhou (2008a) for x/DZ10. They

identified three single-street modes (S-Ia, S-Ib, and S-II), shown in Fig. 42, and two twin-street modes (T-I and T-II),



Fig. 42. Single-street wake modes identified by Hu and Zhou (2008a) for two staggered circular cylinders in cross-flow, Re=300:

(a) mode S-Ia, P/D=1.2, a=301; (b) mode S-Ib, P/D=4, a=101; and (c) S-II, P/D=2, a=401.

(Figures taken from Hu and Zhou (2008a)).

D. Sumner / Journal of Fluids and Structures 26 (2010) 849–899 889
shown in Fig. 43. The approximate pitch ratio and incidence angle boundaries for these modes are shown in Fig. 44. A

follow-on study by Hu and Zhou (2008b) was focused on the temperature field in the wake of the staggered cylinders.

For the single-street modes, mode S-Ia (Fig. 42(a)) is observed for small pitch ratios (approx. P/Dr1.2 and a=
0–901, or P/Dr1.5 and ar201). The vortex street is similar to what is formed behind a single circular cylinder, with the

rows of vortices having similar strengths. Mode S-Ib (Fig. 42(b)) occurs for intermediate and large pitch ratios at small

incidence angles (approx. P/D41.5 and ar101), and the main characteristics of the single vortex street are weaker and

smaller vortices compared to mode S-Ia. For mode S-II (Fig. 42(c)), which occurs for intermediate and large pitch ratios

for various ranges of incidence angle (approx. 1.2oP/Do2.5 and a4201, or 1.5rP/Dr4 and 101oar201), the single

street is asymmetric about the wake centreline and the two rows of vortices are of different strength (Hu and Zhou,

2008a).

For the twin-street modes, mode T-I (Fig. 43(a)) is found for intermediate and large pitch ratios over a wide range of

incidence angles (approx. P/DZ2.5 and 201oao801). Here, the two vortex streets are distinct in terms of vortex

strengths and the overall pattern is asymmetric about the wake centreline. The second twin-street mode, T-II

(Fig. 43(b)), occurs for large pitch ratios when the cylinders are nearly side-by-side (approx. P/DZ2.5 and aZ881), and

is characterized by predominantly anti-phase synchronization between the two parallel vortex streets, where both streets

are similar in frequency and strength (Hu and Zhou, 2008a).

The occurrence of single and parallel vortex streets for staggered configurations has also been considered in the

context of the universal wake number, by Sumner (2004) and Sumner and Schenstead (2006). For two closely spaced



Fig. 43. Twin-street wake modes identified by Hu and Zhou (2008a) for two staggered circular cylinders in cross-flow, Re=300:

(a) mode T-I, P/D=4, a=501 and (b) mode T-II, P/D=3, a=901.

(Figures taken from Hu and Zhou (2008a)).

Fig. 44. Wake mode boundaries identified by Hu and Zhou (2008a) for two staggered circular cylinders in cross-flow, Re=7000.

(Figure taken from Hu and Zhou (2008a)).
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staggered cylinders, the flow pattern and single vortex street resemble that of a single bluff body. Using the total drag

force acting on the cylinders and the average base pressure coefficient of the two closely spaced cylinders, the Griffin

number (G=StCD(1�CPB)
�3/2) was found to be an effective universal wake number. Its value was within 25% of the

single-body value of G, implying that the vortex wake is, to some extent, similar to that of a single bluff body (Sumner,

2004). For moderately spaced staggered cylinders, from P/D=1.5–2.5, vortex shedding occurs from both cylinders at

most a, but there are complex interactions between the two individual vortex wakes. The universal wake number

concept was most suitable for vortex shedding from the downstream cylinder when aZ301, with the Griffin number

being within 8% of the single-body value of G at P/D=2.5. For widely spaced staggered cylinders, P/D=3 and 4, both

the upstream and downstream cylinders undergo vortex shedding at nearly all a, and the cylinders behave very similar

to individual bluff bodies, particularly when aZ301. The universal wake number was suitable for the vortex wakes of

both the upstream and downstream cylinders, with Griffin numbers within 9% of the single-body value for the

upstream cylinder at all a, and within 4% of the single-body value for the downstream cylinder provided aZ301

(Sumner and Schenstead, 2006).

5.4. Measurements

For the staggered configuration, there is considerable data available in the literature for the mean aerodynamic force

coefficients and Strouhal numbers; see Table 3 for a list of experimental studies and the types of measurements

available. In addition to the mean force coefficients and Strouhal numbers, some studies have measured the mean

surface static pressure coefficient distributions (e.g., Suzuki et al. (1971), Gu and Sun (1999), Alam et al. (2005)) and

fluctuating pressure coefficients (e.g., Moriya and Sakamoto (1985), Sun et al. (1992), Alam et al. (2005)). Some

additional comments on the force coefficients and Strouhal number are presented in the following sub-sections.

5.4.1. Force coefficients

Many studies of the staggered configuration have measured the mean aerodynamic forces on the cylinders, with most

of the emphasis being on the downstream cylinder. Only a few studies have reported force measurements for the

upstream cylinder (e.g., Wardlaw and Cooper (1973), Gu and Sun (1999), Alam et al. (2005), Sumner et al. (2005)). The

lift forces on the cylinders follow the sign convention where a repulsive (outward-directed) lift force is associated with a

positive sign, and an attractive (inward-directed) lift force is associated with a negative sign. Of particular concern have

been specific staggered geometries that give rise to extreme values of CL and CD on the downstream cylinder (Price,

1976). Some noteworthy features of the aerodynamic force data include (i) an ‘‘inner’’ lift peak at small L/D and T/D,

where the cylinders are nearly in-line, for which the inward-directed lift force on the downstream cylinder reaches a

maximum and is highly sensitive to changes in P/D and a; (ii) an ‘‘outer’’ inward-directed lift peak, at larger L/D and

T/D, that is less sensitive to changes in the geometry; and (iii) a minimum drag region, that coincides with the ‘‘inner’’

lift peak (Zdravkovich and Pridden, 1977). A number of different explanations for the origin of the inner and outer lift

peaks have been provided in the literature, which were summarized by Ting et al. (1998). Recent experiments by Alam

et al. (2005), involving mean and fluctuating force measurements, pressure measurements, surface oil flow visualization,

and conventional flow visualization, have provided more physical insight into the subtle and complex changes in the

behaviour of the force coefficients on both cylinders.

One of the more comprehensive sets of force data was obtained by Sumner et al. (2005) for Re=3.2� 104–7� 104,

P/D=1–4, a=0–901, using very small increments in incidence angle; some sample data are shown in Fig. 45. The

behaviour of the mean aerodynamic force coefficients was broadly grouped by pitch ratio according to whether the

cylinders were closely spaced (approx. P/D=1.125–1.25, Fig. 45(a)), moderately spaced (approx. P/D=1.5–2.5,

Fig. 45(b)), or widely spaced (approx. P/D=3–4, Fig. 45(c)).

For closely spaced staggered configurations (Fig. 45(a)), the mean aerodynamic forces on both the upstream and

downstream cylinders vary significantly with the incidence angle. Although the flow pattern for closely spaced cylinders

is similar to a single bluff body, shear layer reattachment at small incidence angles, and base-bleed gap flow at large

incidence angles, have profound effects on the forces experienced by each cylinder (similar to what was reported for two

closely spaced side-by-side cylinders, Section 4.4.1). In addition to the inner lift peak for the downstream cylinder,

several other critical incidence angles were identified, for both cylinders, which corresponded to local minimum or

maximum values of the lift or drag forces, or a discontinuity (Sumner et al., 2005). Some physical explanations for these

local maximum and minimum values of mean lift coefficient, involving the movement of stagnation points, the

formation of regions of recirculating flow, and bistable behaviour, were provided by Alam et al. (2005).

For moderately spaced staggered configurations (Fig. 45(b)), the flow pattern undergoes a number of changes with a.
Notable features are the inner lift peak, a corresponding minimum drag and high value of the Strouhal number, and a



Fig. 45. Mean aerodynamic force coefficient and Strouhal number data for two staggered circular cylinders in cross-flow, from Sumner

et al. (2005): (a) closely spaced staggered configurations, P/D=1.125; (b) moderately spaced staggered configurations, P/D=1.5; and

(c) widely spaced staggered configurations, P/D=3.’ or&, Re=3.2� 104;~ or}, Re=5� 104;K or J, Re=5.6� 104; m orW,

Re=7.2� 104. Solid symbols: upstream cylinder. Open symbols: downstream cylinder. - - -, Single cylinder.
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loss of lift with increasing a that becomes progressively more abrupt with increasing P/D. The power spectra of the

velocity fluctuations at incidence angles near the inner lift peak are characterized by broad-banded peaks or an absence

of sharply defined peaks. The sudden appearance or disappearance of periodic vortex shedding activity at small

incidence angles, which may occur if the mean flow direction varies, is problematic for the reliable prediction of vortex-

induced vibrations in staggered cylinder configurations. At higher a, when there is vortex shedding from the two

cylinders, both experience outward-directed lift forces (Sumner et al., 2005).

For widely spaced staggered configurations (Fig. 45(c)), the two cylinders behave more independently, as single,

isolated circular cylinders. Both cylinders undergo K�arm�an vortex shedding for the entire range of a, although vortex

impingement on the downstream cylinder occurs at small a. The forces on the upstream cylinder are mostly unchanged

from a single cylinder, except in the tandem and side-by-side configurations, where some interference from the

downstream cylinder remains. For the downstream cylinder at small a, the outer lift peak replaces the inner lift peak

and there is no corresponding minimum drag (Sumner et al., 2005).



D. Sumner / Journal of Fluids and Structures 26 (2010) 849–899 893
5.4.2. Strouhal numbers

For many staggered configurations, two Strouhal numbers are measured (e.g., Kiya et al. (1980), Sumner et al.

(2000), Sumner et al. (2005)). In some cases, an absence of reliable Strouhal number has been reported for specific

combinations of P/D and a, indicating a weakened or absent vortex shedding activity (Sumner and Richards, 2003).

There is some evidence from the study of the flow patterns by Sumner et al. (2000) that the Strouhal numbers may be

more appropriately associated with individual shear layers rather than the individual cylinders. A complicating factor in

the Strouhal number measurements (for all configurations of two cylinders) is that, when obtaining the vortex shedding

frequencies from measurements of the velocity fluctuations, the number of frequencies are sensitive to the measurement

location (e.g., Kiya et al. (1980), Sumner et al. (2000), Alam and Sakamoto (2005)).

The first comprehensive set of Strouhal number data for the staggered configuration was obtained by Kiya et al.

(1980). Sumner et al. (2005) also obtained a comprehensive set of Strouhal number data simultaneously with their mean

aerodynamic force coefficient data, using small increments in incidence angle. Similar to the mean aerodynamic force

coefficients (Section 5.4.1), the behaviour of the St data can be broadly grouped by pitch ratio according to whether the

cylinders are closely spaced (approx. P/D=1.125–1.25, Fig. 45(a)), moderately spaced (approx. P/D=1.5–2.5,

Fig. 45(b)), or widely spaced (approx. P/D=3–4, Fig. 45(c)).

At small pitch ratios (Fig. 45(a)), the same vortex shedding frequency is measured behind both the upstream and

downstream cylinders, indicating that the cylinders behave as a single bluff body with a single vortex street. When the

cylinders are nearly tandem and the incidence is less than the critical incidence angle of aE91, the Strouhal number is

higher than the single-cylinder value. The peak value of St occurs at the critical incidence angle and coincides with the

inner lift peak and its corresponding minimum drag. When a is greater than the critical incidence angle, the Strouhal

number is lower than that of a single circular cylinder. The Strouhal number decreases with a to a value of St E 0.1

(one-half the vortex shedding frequency for an isolated circular cylinder). The lowering of the Strouhal number occurs

as the near-wake region lengthens and widens with increasing a. The small discontinuous lowering of the Strouhal

number between a=601 and 801 may be related to changes in the base bleed flow pattern within the combined wake of

the cylinders (as discussed for two closely spaced side-by-side circular cylinders, Section 4.1.1).

At intermediate pitch ratios (Fig. 45(b)), for a wide range of incidence angles two distinct Strouhal numbers are

measured, where the higher one broadly corresponds to the upstream cylinder and the other, lower, Strouhal number

broadly corresponds to the downstream cylinder. A very high Strouhal number is found at the critical incidence angle,

aE7–111, corresponding to the inner lift peak and its associated minimum drag coefficient.

At large pitch ratios, the same Strouhal number is measured behind both cylinders for most incidence angles

(Fig. 45(c)), and both cylinders therefore undergo vortex shedding at the same frequency. This Strouhal number

remains close to that of a single circular cylinder indicating the reduced effects of interference between the cylinders.

The Reynolds number sensitivity of the Strouhal number data was investigated by Zhou et al. (2009), and led to the

four types of behaviour described previously, under Reynolds number effects, in Section 5.2. From the Strouhal number

measurements of Alam and Sakamoto (2005), several ‘‘multi-stable’’ flow patterns were identified. For instance, ‘‘tri-

stable’’ flow patterns were found for P/D=2.2–2.8 at a=251, where two distinct high and low Strouhal numbers could

be measured, or the wakes of the two cylinders would intermittently ‘‘lock-in’’ to either the high Strouhal number or

low Strouhal number.
6. Conclusions

This review article is an attempt to summarize the literature on the flow around two ‘‘infinite’’ circular cylinders of equal

diameter, with an emphasis on the large number of key papers that have appeared in the last 10–20 years, since the most

recent comprehensive review by Ohya et al. (1989). From the literature, it is clear that the three main configurations of two

circular cylinders, namely the tandem, side-by-side, and staggered configurations, have been extensively studied in terms of

identification and classification of flow patterns, identification of Reynolds number effects, experimental measurements of

fluid forces, vortex shedding frequencies, velocity fields, and other parameters, and numerical modelling. Improved physical

understanding of the flow fields has benefited greatly from advanced measurement and analysis techniques, such as particle

image velocimetry, wavelet analysis, and phase-averaging, and improved and more powerful computational fluid dynamics

techniques, using a variety of models. The staggered cylinder configuration, which is the most commonly encountered in

engineering applications, has received considerable attention in the last 10 years, and the complexity of the flow field and

the behaviour of the measured data are now much better understood and appreciated.

Despite the large number of studies in the literature, the complexity of the flow around two circular cylinders will

continue to motivate further research. Some possible areas for future attention are given here, although this is not an

exhaustive list. For tandem cylinders, additional study of the gap fluid dynamics is needed to better characterize the
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shear layer reattachment and gap vortex shedding processes within the reattachment regime. An extensive study of the

Reynolds number effects for the aerodynamic forces would also be beneficial, similar to what has been conducted for

the Strouhal numbers. For side-by-side cylinders, there is a general lack of aerodynamic force measurements, in

particular the mean lift force, over a range of Reynolds numbers, compared to the other two basic configurations. More

extensive study, using PIV or other techniques, of the transition or evolution between the near-wake flow patterns and

intermediate-wake vortex street modes, is needed. For the staggered configuration, similar to the tandem and side-by-

side arrangements, the Reynolds number sensitivity of the aerodynamic force coefficients needs further exploration,

similar to what has been done for the Strouhal numbers. For all configurations, the effects of high subcritical,

supercritical, and transcritical Reynolds numbers, elevated freestream turbulence, surface roughness, free-end, ground-

plane, and plane-wall proximity, and body cross-section, need more attention, especially since these conditions are often

encountered in engineering applications. Deeper insight into the flow physics will also arise from more accurate

numerical simulations at higher Reynolds numbers; presently, however, there is a general lack of experimental data at

low Reynolds number to assist with the validation of current numerical simulations.
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